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CHARACTER FORMULAE IN CATEGORY O FOR EXCEPTIONAL LIE
SUPERALGEBRAS D(2|1; ζ)
SHUN-JEN CHENG AND WEIQIANG WANG
Abstract. We establish character formulae for representations of the one-parameter family
of simple Lie superalgebras D(2|1; ζ). We provide a complete description of the Verma flag
multiplicities of the tilting modules and the projective modules in the BGG category O
of D(2|1; ζ)-modules of integral weights, for any complex parameter ζ. The composition
factors of all Verma modules in O are then obtained.
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1. Introduction
1.1. Background. Finding irreducible character formulae is a fundamental problem in rep-
resentation theory. For the BGG category O of semisimple Lie algebras, Kazhdan-Lusztig
theory provides a powerful setting and gives a solution to this problem. For simple Lie su-
peralgebras, new approaches are required as the Weyl groups fail to control the linkage in
the category O completely. In recent years, character formulae in terms of canonical bases
have been developed for BGG category O of basic Lie superalgebras of type ABCD; see
[Br03, CLW15, CFLW14, CKW15, BW13, Bao17] and references therein. There has also
been progress on character formulae in the category O of the queer Lie superalgebras; see
[BrD17] for the most recent update. Some other approach for the irreducible characters in
the categories of finite-dimensional modules of basic Lie superalgebras (which are not a BGG
parabolic category in general) has also been developed, cf. e.g. [GS10].
The basic Lie superalgebras also include three exceptional ones: D(2|1; ζ), G(3) and
F (3|1). The existence of the exceptional simple Lie superalgebras, including the one-
parameter family D(2|1; ζ), was first suggested by Freund-Kaplansky [FK76]. The finite-
dimensional simple modules of exceptional Lie superalgebras were classified by Kac [Kac78],
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and they have been studied by various authors; see, for example, [VdJ85, Zou94, Ger00,
Ma14, SZ16]. However, there has been little progress on the irreducible character formula
problem in the BGG category O for exceptional Lie superalgebras.
RecallD(2|1; ζ) = g0⊕g1 is a family of simple Lie superalgebras of dimension 17, depending
on a parameter ζ ∈ C\{0,−1}. Its even subalgebra is g0
∼= sl2⊕ sl2⊕ sl2, and, as an adjoint
g0¯-module, g1
∼= C2 ⊠ C2 ⊠ C2.
1.2. The goal. In this paper, we completely solve the irreducible character formula problem
in the BGG category O of D(2|1; ζ)-modules of integer weights, for any parameter ζ . We
provide explicit formulae for Verma flag multiplicities of all tilting modules and projective
modules in O. We then obtain explicit formulae for the composition factors of all Verma
modules in O; this then determines the irreducible characters in O as well.
Note D(2|1; 1) ∼= osp(4|2), and there is a conceptual approach, due to Bao [Bao17], to
obtain character formula for osp(2m|2n) via canonical bases arising from quantum symmetric
pairs. We also note that the character formulae for the irreducible finite-dimensionalmodules
of D(2|1; ζ) were obtained in [VdJ85] (also cf. [SZ16]).
1.3. The main results and strategy. The blocks in the BGG category O for D(2|1; ζ)
are divided into typical and atypical ones, where a typical block is characterized by having
finitely many simple objects. The characters in typical blocks, which are controlled by the
Weyl groupW ∼= Z2×Z2×Z2, follow from more general work of Gorelik [Gor02] and they can
also be obtained directly. We shall focus on the much more challenging atypical blocks, where
the results are organized depending on whether the parameter ζ 6∈ Q or ζ ∈ Q \ {0,−1}.
For ζ 6∈ Q, we show that there is exactly one atypical block in O, i.e., the principal
block B0, and we classify the simples in B0. For each ζ ∈ Q \ {0,−1} (which can and
will be assumed to be positive without loss of generality), we show that the atypical blocks
in O, denoted by Bk, are parametrized by nonnegative integers k, where B0 still denotes
the principal block. We also classify the simple objects in each block Bk. In the category of
finite-dimensionalD(2|1; ζ)-modules, the blocks and the simples in each block were classified
by Germoni [Ger00].
The existence of tilting modules in a super category O was established by Brundan [Br04],
who in turn superized the idea of Soergel [Soe98] for Kac-Moody algebras. Recall the stan-
dard fact that a translation functor sends a tilting module to a direct sum of tilting modules.
(A tilting module is understood to be indecomposable in this paper.)
Our construction of tilting modules is inductive in nature, and we construct tilting modules
following the anti-dominance order within a W -orbit of 8 (or 4) weights. To obtain the
character formula for an (arbitrary) tilting module Tλ of highest weight λ − ρ in O, we
proceed in 3 steps as follows.
(1) Choose a suitable tilting module Tµ with known Verma flag, which is acted on by a
suitable translation functor E .
(2) Determine the Verma flag of the resulting module ETµ.
[Step (1) is chosen so that a Verma module Mλ of highest weight λ − ρ appears as
a submodule in ETµ with multiplicity one and all other Verma modules appearing in
the Verma flag of ETµ are of the form Mν with ν ≺ λ in the Bruhat ordering.]
(3) Verify the module ETµ is indecomposable (with one exception).
It follows from (1)–(3) that ETµ is the desired tilting module Tλ.
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Some comments on the 3 steps above are in order. Once Step (1) is chosen properly, it is
not difficult to complete Step (2). Almost all translation functors which we shall use arise
from tensoring with the 17-dimensional adjoint module, though there are several exceptions.
In the principal block B0 (regardless of ζ), there is exactly one singular weight, i.e., the
ρ-shifted zero weight. For each block Bk with k ≥ 1 (for ζ ∈ Q>0), there are 3 W -orbits of
singular weights. The character formulae for tilting modules of highest weights near singular
weights often require separate treatments as these tilting modules admit irregular Verma
flag patterns.
Among other things, Step (3) requires us to know the existence of certain explicit com-
position factors of Verma modules, so we can apply Soergel duality and BGG reciprocity to
show that Tλ has a given Verma module subquotient which shows up in ETµ. To that end,
we actually establish stronger results by constructing explicitly nonzero homomorphisms be-
tween Verma modules. One such homomorphism of independent interest is associated to
the non-simple even reflection, and this idea will be pursued elsewhere in greater generality.
These Verma module homomorphisms also play a fundamental role in the classification of
blocks.
An outcome of our constructions and formulae is that every tilting module in O (with one
possible exception) arises from applying a suitable sequence of translation functors to an
irreducible Verma module, and the Verma flag multiplicities in an arbitrary tilting module
are mostly 1 and sometimes 2. The maximal length of Verma flags of a tilting module is 24.
Once we know the Verma flag structures of tilting modules, we can determine formulae
for the Verma flags for projectives and the composition factors of Verma modules, using So-
ergel duality [Soe98, Br04] and BGG reciprocity, which then solves the irreducible character
problem in O.
As a consequence of our work we also obtain a classification of projective tilting (=pro-
jective injective) modules in O, for any ζ .
1.4. Some future work. This is the first of a series of papers on category O for exceptional
Lie superalgebras. The technique developed in this paper is applicable to other exceptional
Lie superalgebras; cf. [CW18] for G(3). Our method can also be applied to blocks of non-
integral weights or parabolic BGG categories. Ultimately, the success of our computational
approach relies on the fact that the exceptional Lie superalgebras have small ranks, and the
strategy here should also be applicable to other Lie superalgebras of small ranks to produce
explicit character formulae.
In a different direction, we expect that some of the ideas introduced in this paper will lead
to a substantial super generalization of the classical theorem of Verma on homomorphisms
between Verma modules; cf. Remark 2.2.
Our work led us to conjecture that the principal blocks of D(2|1; ζ) for all ζ are equivalent;
see Conjecture 4.3.
While our approach in this paper solves the character formulae problem in O, it will
be very interesting to upgrade it to a super Kazhdan-Lusztig (KL) theory. The super KL
theory formulated via ı-canonical bases in [Bao17] in the special case of osp(4|2) could be
helpful in light of Conjecture 4.3. It will also be interesting to describe the endomorphism
algebra of a projective generator via generators and relations, and this may provide a Koszul
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Z-grading for O. One can also try to determine the Jantzen filtration of Verma modules and
the Andersen filtration of tilting modules.
1.5. Organization. The paper is organized as follows. In Section 2, we review some basic
facts of D(2|1; ζ). We then construct two types of nonzero homomorphisms between Verma
modules, one associated to odd reflections and the other associated to the even non-simple
reflection.
In Section 3, we consider D(2|1; ζ) with ζ 6∈ Q. We show that the principal block B0 is
the only atypical block in O, and classify the simples in B0. We apply suitable translation
functors to establish the character formulae of tilting modules. The cases for Tλ with λ near
the singular weight are treated separately, where one particular tilting module requires extra
work. Then we determine formulae for the Verma flags for projectives and the composition
factors of Verma modules.
In Section 4, we treat D(2|1; ζ) with ζ = p/d ∈ Q>0, with p, d relatively prime positive
integers. We basically repeat the steps as in Section 3. However, here the details are more
involved for the atypical blocks Bk, for k ≥ 1, as there are more singular weights in such
a block. The block B1 with d = 1 is postponed to the next sections because of some extra
complications.
In Sections 5 and 6, we determine the Verma flags of tilting modules and projective modules
in the blocks B1 with ζ ∈ Z>0, i.e., d = 1. In this case, some singular weights in B1 come
next to each other in the Bruhat ordering, and this makes the Verma flag structures of tilting
modules around singular weights more delicate. The formulations of Verma flag formulae
are separated into two cases: ζ ≥ 2, and ζ = 1 (i.e., p = d = 1), and they are presented
in Sections 5 and 6, respectively. For constructions of some particular tilting modules, we
use translation functors arising from tensoring with a simple (4p + 2)-dimensional module,
which reduces to the 6-dimensional natural module of osp(4|2) in the case ζ = 1.
Acknowledgment. The first author is partially supported by a MoST and an Academia
Sinica Investigator grant, while the second author is partially supported by an NSF grant.
We thank University of Virginia and Academia Sinica for hospitality and support since 2014,
when this project was initiated.
2. Homomorphisms between Verma modules
In this section we work with D(2|1; ζ) for any ζ ∈ C \ {0,−1}. We recall the BGG duality
and Soergel duality in category O. We also review the Harish-Chandra homomorphism for
D(2|1; ζ) following Sergeev. We then construct homomorphisms between Verma modules
associated to even and odd reflections.
2.1. Preliminaries on D(2|1; ζ). Let ζ ∈ C\{0,−1}. The Lie superalgebra D(2|1; ζ) is the
simple Lie superalgebra of basic type associated with the following Cartan matrix [Kac77,
Section 2.5.2]: 
 0 1 ζ−1 2 0
−1 0 2

 .
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Note that the simple root corresponding to the zero diagonal entry in (2.1) is odd, while the
others are even. There are isomorphisms of Lie superalgebras with different parameters (cf.
[CW12, Chapter 1])
(2.2) D(2|1; ζ) ∼= D(2|1;−1− ζ−1) ∼= D(2|1; ζ−1).
Let h be a vector space with basis {h2δ, h2ǫ1 , h2ǫ2} and dual basis {δ, ǫ1, ǫ2}. We equip the
dual h∗ with a bilinear form (·, ·) such that {δ, ǫ1, ǫ2} are orthogonal and
(δ, δ) = −(1 + ζ), (ǫ1, ǫ1) = 1, (ǫ2, ǫ2) = ζ.
The simple coroots in the Cartan subalgebra h and the corresponding simple roots in h∗ of
D(2|1; ζ) associated with the Cartan matrix (2.1) are realized respectively as
Π∨ = {α∨0 =
1 + ζ
2
h2δ +
1
2
h2ǫ1 +
ζ
2
h2ǫ2 , α
∨
1 = h2ǫ1 , α
∨
2 = h2ǫ2},
Π = {α0 = δ − ǫ1 − ǫ2, α1 = 2ǫ1, α2 = 2ǫ2}.
The Dynkin diagram associated to Π is depicted as follows:
©
©⊗
❅
❅
 
 
2ǫ1
2ǫ2
δ − ǫ1 − ǫ2
Let Φ, Φ0¯ and Φ1¯ stand for the sets of roots, even roots and odd roots, respectively. Let
Φ+ further denote the set of positive roots with respect to Π and set Φ+i = Φ
+ ∩ Φi, for
i = 0¯, 1¯. We have
Φ+
0¯
= {2δ, 2ǫ1, 2ǫ2}, Φ
+
1¯
= {δ − ǫ1 − ǫ2, δ + ǫ1 − ǫ2, δ − ǫ1 + ǫ2, δ + ǫ1 + ǫ2}.
Thus, we have g0
∼= sl2 ⊕ sl2 ⊕ sl2 and, as a g0¯-module, we have g1
∼= C2 ⊠ C2 ⊠ C2, where
C2 is the natural representation of sl2. Let
X = Zδ + Zǫ1 + Zǫ2
be the weight lattice of g.
Denote by {ei, fi, hi} the Chevalley generators corresponding to αi, i = 0, 1, 2. We shall
also write eαi = ei and fαi = fi, for i = 0, 1, 2, in the sequel. We define the following positive
and negative root vectors:
eδ+ǫ1−ǫ2 := [e0, e1], fδ+ǫ1−ǫ2 := [f0, f1],
eδ−ǫ1+ǫ2 := [e2, e0], fδ−ǫ1+ǫ2 := [f0, f2],
eδ+ǫ1+ǫ2 := [[e0, e1], e2], fδ+ǫ1+ǫ2 := [[f1, f0], f2],
e2δ =
(
1
1 + ζ
)2
[[e0, e1], [e0, e2]], f2δ = [[f0, f1], [f0, f2]].
Then these vectors, together with the nine Chevalley generators, form a basis for D(2|1; ζ).
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The following commutation relations will be useful later on:
[eδ±ǫ1±ǫ2 , fδ±ǫ1±ǫ2] =
1 + ζ
2
h2δ ∓
1
2
h2ǫ1 ∓
ζ
2
h2ǫ2 ,
[e2δ, f2δ] = h2δ.
(2.3)
2.2. BGG category O. Denote by gα the root subspace for α ∈ Φ. Let n± =
⊕
α∈Φ± gα so
that we have g = n− ⊕ h⊕ n+. Let
ρ = ρ0¯ − ρ1¯, where ρ0¯ =
1
2
∑
α∈Φ+
0¯
α, ρ1¯ =
1
2
∑
β∈Φ+
1¯
β.
Then we have
ρ = −δ + ǫ1 + ǫ2 (= −α0).
A weight λ ∈ h∗ is called atypical if
(2.4) (λ+ ρ, α) = 0, for some α ∈ Φ1¯;
otherwise it is called typical. We often use the isomorphism
(2.5) X
∼=
−→ Z3, λ 7→ fλ+ρ,
where fλ+ρ = (x, y, z), if λ+ ρ = xδ+ yǫ1+ zǫ2; sometimes we refer to (x, y, z) as a ρ-shifted
weight. A ρ-shifted weight (x, y, z) is atypical (which corresponds to an atypical λ) if and
only if it satisfies one of the 4 equations (ζ + 1)x± y ± ζz = 0, or equivalently, if and only
if it satisfies one of the 4 equations
(2.6) ζ(x± z) + (x± y) = 0.
For λ ∈ h∗ denote by Mλ the Verma module of highest weight λ − ρ. That is, Mλ =
U(g)⊗U(h+n+) Cλ−ρ, where Cλ−ρ is the 1-dimensional U(h + n+)-module with h acting with
the weight λ − ρ and n+ acting by 0. Denote by v
+
λ the highest weight vector in Mλ (of
highest weight λ− ρ). The unique irreducible quotient module of Mλ will be denoted by Lλ.
Denote by O the BGG category of D(2|1; ζ)-modules of integral weights with respect to
g = n− ⊕ h ⊕ n+. Then Mλ, Lλ, for λ ∈ X , are objects in O. The category O has enough
projectives. Denote by Pλ the projective cover of Lλ in O, for λ ∈ X . It is well known that
the projective module Pλ admits a Verma flag. Denote by (V : Mµ) the multiplicity ofMµ in
a (or any) Verma flag of a module V admitting a Verma flag. We have the BGG reciprocity:
(2.7) (Pλ : Mµ) = [Mµ : Lλ], for λ, µ ∈ X.
We denote by Tλ the tilting module in O with highest weight λ − ρ, for λ ∈ X . By
Brundan [Br04], which is a super generalization of Soergel [Soe98], the tilting module Tλ
exists. By definition, a tilting module admits a Verma flag and a dual Verma flag. A certain
equivalence of categories implies the following Soergel duality (cf. [Soe98, Br04]):
(2.8) (Pλ :Mµ) = (T−λ :M−µ), for λ, µ ∈ X.
The duality (2.8) together with BGG reciprocity (2.7) implies the tilting character formula:
(2.9) (T−λ : M−µ) = [Mµ : Lλ], for λ, µ ∈ X.
The following simple observation will be used several times later on, and so we formulate
it explicitly for the convenience of referring.
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Lemma 2.1. Let Tλ−→Tµ be an epimorphism of tilting modules in O. Let E be an exact
functor on O such that ETµ = Tµ′. Then there exists an epimorphism ETλ−→Tµ′.
2.3. Central characters of g. Define a polynomial P ∈ C[δ, ǫ1, ǫ2] by
P := (δ − ǫ1 − ǫ2)(δ + ǫ1 − ǫ2)(δ − ǫ1 + ǫ2)(δ + ǫ1 + ǫ2).(2.10)
Denote by Z(g) the center of the enveloping algebra U(g). According to [Ser99, §0.6.6], the
image of the Harish-Chandra homomorphism HC : Z(g)→ S(h∗) is
im(HC) = C
[
−
δ2
1 + ζ
+ ǫ21 +
ǫ22
ζ
]
+ P · C[δ2, ǫ21, ǫ
2
2].(2.11)
Here the element − δ
2
1+ζ
+ ǫ21 +
ǫ22
ζ
is the image of the (suitably normalized) Casimir element
under HC. For λ = aδ+ bǫ1+ cǫ2 ∈ h
∗, the eigenvalue of the Casimir element on Lλ is given
by
cλ :=
(
λ,−
δ2
1 + ζ
+ ǫ21 +
ǫ22
ζ
)
= −(1 + ζ)a2 + b2 + ζc2.(2.12)
Recall the typical and atypical weights from (2.4). The Weyl group W of the Lie super-
algebra g is understood as the Weyl group of the even subalgebra g0¯, i.e.,
W ∼= Z2 × Z2 × Z2,
which acts on h∗ = C3 by sign changes. The following statement is well known, and we
give a self-contained proof. (Recall that two weights are linked if the irreducible modules
corresponding to these highest weights lie in the same block in O.)
Lemma 2.2. Let ζ ∈ C \ {0,−1}.
(1) A typical weight and an atypical weight in h∗ cannot be linked.
(2) If f and f ′ are two typical weights with Wf ∩Wf ′ = ∅, then the two sets of weights
{wf |w ∈ W} and {wg|w ∈ W} cannot be linked.
Proof. Let f be typical and g be atypical. Then (f, P ) 6= 0, while (g, P ) = 0. Thus, by
(2.11), f and g have different central characters, and hence Part (1) follows.
Let f and f ′ be two typical weights and Wf ∩Wf ′ = ∅. Then either (f, P ) 6= (f ′, P ),
or else we can find an element h ∈ C[δ2, ǫ21, ǫ
2
2] such that (f, h) 6= (f
′, h). Either way, we
can find an element in P ·C[δ2, ǫ21, ǫ
2
2] separating f and f
′ so that they have different central
characters. Part (2) now follows. 
2.4. Homomorphisms associated to odd reflections. We determine the singular vectors
in a Verma module associated to odd reflections. This is easy for D(2|1; ζ) as its positive
odd roots have small heights.
Lemma 2.3. Assume ζ ∈ C\{0,−1}. Let λ ∈ h∗ and γ ∈ Φ+
1¯
be such that (λ, γ) = 0. Then
there is a nonzero singular vector in Mλ of weight λ−ρ−γ, and hence Hom
(
Mλ−γ ,Mλ
)
6= 0.
In particular, we have [Mλ : Lλ−γ ] > 0.
Proof. Write λ = aδ + bǫ1 + cǫ2, where a, b, c ∈ Z. The identity (λ, γ) = 0 puts relations on
the integers a, b, and c depending on γ. Recall that v+λ denotes a highest weight vector in
Mλ of highest weight λ− ρ. We shall explicitly write down the formulae for singular vectors
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case-by-case in (1)–(4) below. Using the identities in (2.3) it is straightforward to verify that
these vectors are indeed singular.
(1) If (λ, γ) = 0 and γ = δ − ǫ1 − ǫ2 is the simple odd root α0, then f0v
+
λ is a singular
vector of weight λ− ρ− γ.
(2) Assume that γ = δ + ǫ1 − ǫ2 and (λ, γ) = 0. Then(
f0f1 + b[f0, f1]
)
v+λ
is a singular vector of weight λ− ρ− γ.
(3) Next suppose that γ = δ − ǫ1 + ǫ2 and (λ, γ) = 0. Then(
f0f2 + c[f0, f2]
)
v+λ
is a singular vector of weight λ− ρ− γ.
(4) Finally assume that γ = δ + ǫ1 + ǫ2 and (λ, γ) = 0. Then(
f0f1f2 + bf2[f0, f1] + cf1[f0, f2]− (b+ c+ bc) [f1, [f0, f2]]
)
v+λ
is a singular vector of weight λ− ρ− γ. 
Remark 2.1. One can show that the singular vectors of those given weights in Lemma 2.3
are unique up to a scalar multiple, by an elementary albeit somewhat tedious calculation.
We do not need the uniqueness result in this paper.
2.5. Homomorphisms associated to even reflections. For γ ∈ Φ+
0¯
, denote by sγ the
reflection associated with γ. That is, for ν ∈ h∗, we have sγν = ν − 〈ν, hγ〉γ. We determine
the singular vectors in a Verma module associated to such even reflections, including the
most interesting one associated to the even non-simple reflection. Denote by N the set of
nonnegative integers.
Lemma 2.4. For any ζ ∈ C \ {0,−1} let λ ∈ h∗ and γ ∈ Φ+
0¯
. Suppose that 〈λ, hγ〉 =
n ∈ N. Then there is a nonzero singular vector in Mλ of weight λ − ρ − nγ, and hence
Hom
(
Msγλ,Mλ
)
6= 0. In particular, we have [Mλ : Lsγλ] > 0.
Proof. First, recall that v+λ is a nonzero highest weight vector in Mλ of highest weight λ− ρ.
In the case when γ is a simple root (i.e., γ = 2ǫ2 or 2ǫ3), we have eγf
n
γ v
+
λ = 0, and hence
fnγ v
+
λ is the desired singular vector in Mλ.
Now consider the case γ = 2δ so that λ = nδ + bǫ1 + cǫ2, for some b, c ∈ Z. Note that we
have
〈λ− ρ+ ρ0¯, h2δ〉 = 〈λ, h2δ〉+ 〈ρ0¯ − ρ, h2δ〉 = n+ 2,
and thus e2δf
n+2
2δ v
+
λ = 0. Now set
(2.13) u = eδ−ǫ1−ǫ2eδ+ǫ1−ǫ2eδ+ǫ1+ǫ2eδ−ǫ1+ǫ2f
n+2
2δ v
+
λ .
Clearly u ∈Mλ has weight sγλ− ρ. The lemma follows once we verify that
(1) u 6= 0;
(2) u is a singular vector in Mλ.
Note that
[e2ǫ1 , eδ−ǫ1−ǫ2] = eδ+ǫ1−ǫ2, [e2ǫ1 , eδ−ǫ1+ǫ2] = eδ+ǫ1+ǫ2, e2ǫ1e
n+2
−2δ v
+
λ = 0,
[e2ǫ1 , eδ+ǫ1−ǫ2] = [e2ǫ1 , eδ+ǫ1+ǫ2] = [e2ǫ1 , f2δ] = e
2
ν = 0, ν = δ ± ǫ1 ± ǫ2.
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From this we see that e2ǫ1u = 0.
Note that for any permutation of four letters τ permuting the four roots δ ± ǫ1 ± ǫ2, the
vector eτ(δ−ǫ1−ǫ2)eτ(δ+ǫ1−ǫ2)eτ(δ+ǫ1+ǫ2)eτ(δ−ǫ1+ǫ2)f
n+2
2δ v
+
λ is equal to the vector in (2.13) up to a
sign. Now, an almost identical argument gives us e2ǫ2u = 0 as well.
Clearly we also have eδ−ǫ1−ǫ2u = 0. Hence (2) follows.
Part (1) follows by an expansion of u in the form U(n−)v
+
λ . Indeed, by a tedious direct
computation, the vector in (2.13) is a nonzero scalar multiple of the following vector:
u =
(
(βγ + ξ)fn2δ − n(1 + ζ)
(
βfδ+ǫ1−ǫ2fδ−ǫ1+ǫ2f
n−1
2δ + ηfδ+ǫ1+ǫ2f0f
n−1
2δ
)
+ n(1 + ζ)
(
f1f0fδ−ǫ1+ǫ2f
n−1
2δ + f2f0fδ+ǫ1−ǫ2f
n−1
2δ
)
− (1 + ζ)2n(n− 1)fδ+ǫ1+ǫ2f0fδ+ǫ1−ǫ2fδ−ǫ1+ǫ2f
n−2
2δ
)
v+λ ,
(2.14)
where we have used the following notation:
2β = (2 + n)(1 + ζ) + b+ ζc, 2γ = (2− n)(1 + ζ)− b+ ζc− 2,
2η = (4− n)(1 + ζ)− b+ ζc, 2ξ = (1 + n)(1 + ζ) + b+ ζc.
From this formula we see that the vector u is nonzero, since n ∈ N and ζ 6= −1. 
Remark 2.2. The singular vector formula (2.13) is inspired by a similar construction in
[KW95, §5] in the setting of affine superalgebras. It can lead to more general homomorphisms
between Verma modules for basic Lie superalgebras beyond what has been known (cf. [Mu12,
Chapter 9], under the restrictive Hypothesis 9.2.4). This will be pursued in greater generality
in a separate work.
3. Character formulae in O, for ζ 6∈ Q
In this section we assume ζ 6∈ Q. In this section we obtain the Verma flag multiplicities of
every tilting module and projective module in O. We also describe the composition factors
of every Verma module. This gives a solution to the irreducible character problem in O.
3.1. Classification of blocks. Set
WT0 = {(±n,±n,±n) | n ∈ Z>0} ∪ {0, 0, 0}.
The Bruhat ordering  on the lattice Z3 is defined to be the partial ordering which is the
transitive closure of the following relations:
(1) (−a, b, c) ≺ (a, b, c) if a > 0,
(2) (a,−b, c) ≺ (a, b, c) if b > 0,
(3) (a, b,−c) ≺ (a, b, c) if c > 0,
(4) (n, σn, τn) ≺ (n+ 1, σ(n+ 1), τ(n+ 1)), for any n ∈ Z and σ, τ = ±.
This restricts to a Bruhat ordering on WT0. Via the lattice isomorphism (2.5), this defines
a Bruhat ordering on the weight lattice X . We note that the Bruhat ordering thus defined
is consistent with the Harish-Chandra homomorphism; cf. (2.11). Furthermore, by Lemmas
2.3 and 2.4, we have f ≺ g if and only if there exists a sequence of weights f = f1 ≺ f2 ≺
· · · ≺ fk = g such that Homg(Mfi ,Mfi+1) 6= 0, for all i = 1, · · ·k − 1.
Proposition 3.1. Assume that ζ 6∈ Q.
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(1) Each typical block is of the form Bn,m,ℓ, whose simple objects are the simple modules
L±n,±m,±ℓ, for some fixed n,m, ℓ ∈ N, not all equal.
(2) There is one unique atypical block (i.e., the principal block) B0, whose simple objects
are the simple modules of the form La,b,c, for (a, b, c) ∈WT0.
Proof. We first determine the atypical integral weights. Recall the atypicality condition from
(2.6) that a ρ-shifted weight f = (x, y, z) is atypical if and only if ζ(x ± z) + (x ± y) = 0.
Thanks to ζ 6∈ Q, we conclude that f = (x, y, z) is atypical if and only if |x| = |y| = |z|.
Hence WT0 is precisely the set of atypical weights.
It follows that the weights of the form (±n,±m,±ℓ), for some fixed n,m, ℓ ∈ N (and up
to 8 possible signs), not all equal, are typical.
By Lemmas 2.2, 2.3 and 2.4 we conclude that the subcategories B0 and Bn,m,ℓ, for n,m, ℓ ∈
N not all equal, are indecomposable and hence they are blocks. Furthermore, they are clearly
pairwise distinct. 
3.2. Typical blocks. The typical blocks in O are very easy to describe completely. Each
typical block Bn,m,ℓ as in Proposition 3.1 has 2
r simple modules, where
(3.1) r = r(n,m, ℓ) ∈ {1, 2, 3}
is the number of nonzero integers (counted with multiplicities) among {n,m, ℓ}. For example,
we have r(1, 1, 0) = 2.
Proposition 3.2 (Gorelik [Gor02]). Let n,m, ℓ ∈ N, not all equal, and let r be given as in
(3.1). Then the typical block Bn,m,ℓ is equivalent to the principal block for the Lie algebra
which is a direct sum of r copies of sl2.
Proposition 3.2 follows from the work of Gorelik [Gor02] on strongly typical blocks of
general type II Lie superalgebras, where for D(2|1; ζ) the notions of typical and strongly
typical coincide. In our setting of D(2|1; ζ), Proposition 3.2 can be proved directly by using
translation functors (this will be an easier version of the application of translation functors
below, and so we shall not get into the detail here). Indeed the Verma flags of tilting
modules and projective modules in Bn,m,ℓ can be computed explicitly (which fits well with
Proposition 3.2), and this is all we need to know about typical blocks in this paper.
We recall that there are two tilting modules in the principal block for sl2: the Verma
module of anti-dominant highest weight, and the indecomposable module with a Verma flag
of length two. Therefore the Verma flag structures of tilting modules in any typical block
Bn,m,ℓ follow from this and Proposition 3.2. We will take this for granted and will not refer
to this simple fact explicitly every time we use it.
3.3. Tilting modules in the principal block B0. The translation functors below from a
typical block to the atypical block B0 are obtained by tensoring with the adjoint module.
Let us describe the simple strategy which we use to obtain the Verma flags of tilting
modules below. The basic fact we use is that a translation functor E sends a tilting module
T to a direct sum of tilting modules. When a Verma flag of T is known, a Verma flag of ET
can be read off easily. The main point is to choose a suitable translation functor E applying
to a suitable titling module T so the resulting module ET is indecomposable (and hence it
must be a tilting module). It turns out that we can always do that (with one exception),
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largely thanks to the fact that D(2|1; ζ) is of low rank 3. We shall apply the duality (2.9)
repeatedly.
We introduce the following shorthand notations, for n ≥ 1:
T±±±n = T±n,±n,±n, M
±±±
n = M±n,±n,±n, P
±±±
n = P±n,±n,±n, L
±±±
n = L±n,±n,±n.
We shall write Tλ =
∑
µ tλµMµ to denote that Tλ admits a Verma flag with (Tλ : Mµ) = tλµ.
The Verma flags of tilting modules are arranged in a weight decreasing order.
Theorem 3.3. For n ≥ 1, we have the following Verma flags for tilting modules in B0:
T−−−n =M
−−−
n +M
−−−
n+1 ,
T−−+n =M
−−+
n +M
−−−
n +M
−−+
n+1 +M
−−−
n+1 ,
T−+−n =M
−+−
n +M
−−−
n +M
−+−
n+1 +M
−−−
n+1 ,
T−++n =M
−++
n +M
−+−
n +M
−−+
n +M
−−−
n +M
−++
n+1 +M
−+−
n+1 +M
−−+
n+1 +M
−−−
n+1 .
Proof. We prove the four formulae case-by-case. We choose to use the traditional indexing
convention of modules in the proof.
(1) Let E1 be the translation functor, obtained by first tensoring an object in O with the
adjoint module and then projecting to B0. Applying E1 to T−n−2,−n,−n = M−n−2,−n,−n, we
obtain E1M−n−2,−n,−n = M−n,−n,−n+M−n−1,−n−1,−n−1. Note (T−n,−n,−n : M−n−1,−n−1,−n−1) =
[Mn+1,n+1,n+1 : Ln,n,n] > 0, by Lemma 2.3. Hence we must have T−n,−n,−n = E1M−n−2,−n,−n.
(2) Applying the same translation functor E1 to T−n−2,−n,n = M−n−2,−n,n +M−n−2,−n,−n
(of typical highest weight), we obtain
E1T−n−2,−n,n = M−n,−n,n +M−n,−n,−n +M−n−1,−n−1,n+1 +M−n−1,−n−1,−n−1.
Note (T−n,−n,n : M−n−1,−n−1,−n−1) = [Mn+1,n+1,n+1 : Ln,n,−n] > 0, since f
n
2 u
+
n,n,n is a singular
vector in Mn+1,n+1,n+1, where u
+
n,n,n is the singular vector in Mn+1,n+1,n+1 of ρ-shifted weight
(n, n, n) in Lemma 2.3. Also by Lemma 2.3 and (2.9) we obtain (T−n,−n,n : M−n−1,−n−1,n+1) >
0. Finally, the remaining Verma M−n,−n,−n cannot be a direct summand of E1T−n−2,−n,n as
it is not tilting by (1). Hence we have T−n,−n,n = E1M−n−2,−n,n.
(3) The formula for T−n,n,−n is obtained by an argument parallel to the case (2) above.
(4) Applying the translation functor E1 to T−n−2,n,n (of typical highest weight), we obtain
E1T−n−2,n,n = M−n,n,n +M−n,n,−n +M−n,−n,n +M−n,−n,−n(3.2)
+M−n−1,n+1,n+1 +M−n−1,n+1,−n−1 +M−n−1,−n−1,n+1 +M−n−1,−n−1,−n−1.
Note (T−n,n,n : M−n−1,−n−1,−n−1) = [Mn+1,n+1,n+1, Ln,−n,−n] > 0, since f
n
1 f
n
2 u
+
n,n,n is a singular
vector in Mn+1,n+1,n+1, where u
+
n,n,n is the singular vector in Mn+1,n+1,n+1 of ρ-shifted weight
(n, n, n) in Lemma 2.3.
Also (T−n,n,n : M−n−1,n+1,n+1) = [Mn+1,−n−1,−n−1, Ln,−n,−n] > 0, by Lemma 2.3.
We claim that other Verma modules in (3.2) including M−n,n,−n,M−n,−n,n,M−n,−n,−n,
M−n−1,n+1,−n−1 or M−n−1,−n−1,n+1 cannot appear as a leading term of a direct summand
(i.e., a tilting submodule) of E1T−n−2,n,n. Otherwise, the corresponding tilting character
(known by (1)–(3) above) has its lowest term M−n−1,−n−1,−n−1, which contradicts the fact
that (T−n,n,n : M−n−1,−n−1,−n−1) > 0, or else has its lowest term which does not appear in
(3.2), which is absurd.
Therefore E1T−n−2,n,n is indecomposable, and hence, we have T−n,n,n = E1M−n−2,n,n. 
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Theorem 3.4. For n ≥ 2, we have the following Verma flags of tilting modules in B0:
T+−−n =M
+−−
n +M
+−−
n−1 +M
−−−
n−1 +M
−−−
n ,
T+−+n =M
+−+
n +M
+−−
n +M
+−+
n−1 +M
+−−
n−1 +M
−−+
n−1 +M
−−−
n−1 +M
−−+
n +M
−−−
n ,
T++−n =M
++−
n +M
+−−
n +M
++−
n−1 +M
+−−
n−1 +M
−+−
n−1 +M
−−−
n−1 +M
−+−
n +M
−−−
n ,
T+++n =M
+++
n +M
++−
n +M
+−+
n +M
+−−
n +M
+++
n−1 +M
++−
n−1 +M
+−+
n−1 +M
+−−
n−1(3.3)
+M−++n−1 +M
−+−
n−1 +M
−−+
n−1 +M
−−−
n−1 +M
−++
n +M
−+−
n +M
−−+
n +M
−−−
n .
Proof. We use the traditional indexing convention of modules in the proof.
The formula for Tn,−n,−n is obtained by applying a suitable translation functor to Tn−2,−n,−n,
where the case of n = 2 needs to be separately treated. The formula for Tn,−n,n is obtained
by applying a suitable translation functor to Tn−2,−n,n. The formula for Tn,n,−n is obtained
by applying a suitable translation functor to Tn−2,n,−n. The formula for Tn,n,n is obtained by
applying a suitable translation functor to Tn−2,n,n.
It remains to show that the resulting 4 modules are indecomposable. To do so, we proceed
case-by-case in the natural order, and the argument for a given case uses the preceding
formulae.
We only provide a full detail in the last case of Tn,n,n, as all cases are similar and the
strategy is basically the same as for Case (4) in the proof of Theorem 3.3. We shall assume
that the previous 3 formulae have been established. One checks that E4Tn−2,n,n (the resulting
module in the atypical block by applying a suitable translation functor E4) has a Verma flag
of length 16 as on the right hand side of (3.3). We shall argue that none of the 16 Verma
modules exceptMn,n,n can be the highest term of a direct summand (i.e., a tilting submodule)
of E4Tn−2,n,n.
First, we have (Tn,n,n : M−n,−n,−n) = [Mn,n,n : L−n,−n,−n] > 0, since f
n
1 f
n
2 u
+
−n,n,n is a
singular vector in Mn,n,n, where u
+
−n,n,n is a singular vector in Mn,n,n of ρ-shifted weight
(−n, n, n) by Lemma 2.4.
Also (Tn,n,n : Mn−1,n−1,n−1) = [M1−n,1−n,1−n : L−n,−n,−n] > 0, by Lemma 2.3.
Now we observe that, other than Mn,n,n,Mn−1,n−1,n−1 and M−n,−n,−n, the other 13 Verma
modules in (3.3) cannot appear as a leading term of a tilting submodule of E4Tn−2,n,n, since
the corresponding tilting character (known by the preceding 3 formulae) has its lowest term
M−n,−n,−n or a Verma which does not appear in (3.3).
Hence E4Tn−2,n,n is indecomposable, and we have Tn,n,n = E4Tn−2,n,n. 
3.4. Tilting modules with irregular Verma flags. It remains to determine the Verma
flag multiplicites in the 5 remaining tilting modules: T0,0,0 and T1,±1,±1.
Theorem 3.5. We have the following Verma flags for the tilting modules in B0:
T000 =M000 +M
−++
1 +M
−+−
1 +M
−−+
1 +M
−−−
1 ,
T+−−1 =M
+−−
1 +M000 +M
−+−
1 +M
−−+
1 + 2M
−−−
1 +M
−−−
2 ,
T+−+1 =M
+−+
1 +M
+−−
1 +M000 +M
−−+
1 +M
−−−
1 ,
T++−1 =M
++−
1 +M
+−−
1 +M000 +M
−+−
1 +M
−−−
1 ,
T+++1 =M
+++
1 +M
++−
1 +M
+−+
1 +M
+−−
1 + 2M000 +M
−++
1 +M
−+−
1 +M
−−+
1 +M
−−−
1 .
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Proof. We use the traditional indexing convention of modules in the proof.
The translation functors below from a typical block to the atypical block B0 are obtained
from tensoring with the adjoint representation, except in the case for T1,−1,−1 (i.e., T
+−−
1 ).
We shall treat this case at last.
Applying a translation functor E0 to T−2,0,0 = M−2,0,0, we obtain a module with the
following Verma flag
(3.4) E0M−2,0,0 = M0,0,0 +M−1,1,1 +M−1,1,−1 +M−1,−1,1 +M−1,−1,−1.
Since we know the tilting module indexed by either (−1, 1, 1), (−1, 1,−1), (−1,−1, 1) or
(−1,−1,−1) contains the Verma M−2,−2,−2 (which is not present in (3.4)), we conclude that
(3.4) must be a single tilting module with highest weight (0, 0, 0), i.e., T0,0,0.
Applying a translation functor E1 to T0,−2,0 = M0,−2,0, we obtain
(3.5) E1M0,−2,0 = M1,−1,1 +M1,−1,−1 +M0,0,0 +M−1,−1,1 +M−1,−1,−1.
Note (T1,−1,1 : M1,−1,−1) = [M−1,1,1 : L−1,1,−1] > 0, since there is a singular vector f
2
2 v
+
−1,1,1 in
M−1,1,1. The tilting module indexed by either (−1,−1, 1), or (−1,−1,−1) contains the term
M−2,−2,−2 and T0,0,0 contains the term M−1,1,1 (not present in (3.5)). Therefore we conclude
that (3.5) must be a single tilting module, which is T1,−1,1.
A completely analogous argument by applying a suitable translation functor E2 to T0,0,−2 =
M0,0,−2 gives us the tilting module T1,1,−1:
(3.6) T1,1,−1 = E2M0,0,−2 = M1,1,−1 +M1,−1,−1 +M0,0,0 +M−1,1,−1 +M−1,−1,−1.
Now we shall apply a suitable translation functor E3 to the following short exact sequence
of g-modules
0 −→M2,0,0 −→ T2,0,0 −→M−2,0,0 −→ 0.
Recalling that T0,0,0 from (3.4) is obtained by applying E3 (=E0) toM−2,0,0, we have obtained
a short exact sequence
(3.7) 0 −→ E3M2,0,0 −→ E3T2,0,0 −→ T0,0,0 −→ 0.
We obtain
E3T2,0,0 = M1,1,1 +M1,1,−1 +M1,−1,1 +M1,−1,−1 +M0,0,0 + T0,0,0
= M1,1,1 +M1,1,−1 +M1,−1,1 +M1,−1,−1
+ 2M0,0,0 +M−1,1,1 +M−1,1,−1 +M−1,−1,1 +M−1,−1,−1.
(3.8)
Note E3T2,0,0 must be a direct sum of tilting modules, and we shall show that E3T2,0,0 is
indecomposable by arguing no Verma in (3.8) except M1,1,1 can appear as a highest term
in a direct summand. Indeed, the tilting module indexed by either (1,−1, 1), or (1,−1,−1)
contains M−2,−2,−2. Note (T1,1,1 : M1,1,−1) = [M−1,−1,1 : L−1,−1,−1] > 0, by Lemma 2.3. Also,
(T1,1,1 : M0,0,0) = [M0,0,0 : L−1,−1,−1] > 0, by Lemma 2.3. Similarly, (T1,1,1 : M−1,1,1) =
[M1,−1,−1 : L−1,−1,−1] > 0, by Lemma 2.4. By (3.7) T0,0,0 appears as a quotient module of
E3T2,0,0 and it is indecomposable. This shows none of the Verma modules in (3.8) except
M1,1,1 appears as highest weight term in a direct summand of (3.8); that is, E3T2,0,0 is
indecomposable and must be T1,1,1.
It takes some extra effort to establish the Verma flag structure for the remaining tilting
module T1,−1,−1. It turns out to be less effective to apply the translation functor from
tensoring with the adjoint module to T−1,−1,−1 = M−1,−1,−1 +M−2,−2,−2 (of atypical highest
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weight). Instead, we shall apply the translation functor E4 from tensoring with the module
L1,2,1 of highest weight (2, 1, 0) to T−1,−2,−1, which produces a module with a Verma flag of
smaller length. The module L1,2,1 has dimension 32, and its weights are (here it is understood
that we mix all possible positive/negative sign combinations):
(±2,±1, 0), (±1,±2,±1), (0,±3, 0), (0,±1,±2),
(±1, 0,±1) [of multiplicity 2], (0,±1, 0) [of multiplicity 3].
Applying a suitable translation functor E4 to T−1,−2,−1 = M−1,−2,−1, we obtain
E4T−1,−2,−1 =M1,−1,−1 +M0,0,0 +M−1,1,−1 +M−1,−1,1 + 3M−1,−1,−1 + 2M−2,−2,−2.(3.9)
It follows from Lemma 3.6 below that (T1,−1,−1 : M−1,−1,−1) = 2 and hence E4T−1,−2,−1 =
T1,−1,−1 ⊕ T−1,−1,−1. Since T−1,−1,−1 = M−1,−1,−1 +M−2,−2,−2 by Theorem 3.3, the desired
Verma flag formula for T1,−1,−1 follows from (3.9). 
Lemma 3.6. In B0, we have [M1,1,1 : L−1,1,1] = 2.
Proof. Let us first introduce some notation. We shall write Mµ =
∑
λ pλµLλ to denote that
Lλ is a composition factor of Mµ with multiplicity pλµ. For X = M,L denote by X
µ
λ the
(µ− ρ)-weight space of Xλ. Recall ρ = (−1, 1, 1), and hence X
ρ
λ denote the zero-weight
subspace.
Claim. The modules L1,−1,1, L1,1,−1, L1,−1,−1 and L0,0,0 all have trivial zero-weight spaces,
that is, Lρ1,−1,1 = L
ρ
1,1,−1 = L
ρ
1,−1,−1 = L
ρ
0,0,0 = 0.
Let us prove the claim. First, using the Verma flag structures of the tilting modules in B0
which we have established so far, together with the duality (2.8), we obtain the following:
M1,−1,1 =L1,−1,1 + L1,−1,−1 + L0,0,0 + L−1,1,1 + L−1,−1,1 + L−1,−1,−1 + L−2,−2,2 + L−2,−2,−2,
M1,1,−1 =L1,1,−1 + L1,−1,−1 + L0,0,0 + L−1,1,1 + L−1,1,−1 + L−1,−1,−1 + L−2,2,−2 + L−2,−2,−2.
(3.10)
Now observe that dimMρ1,−1,1 = 1. Since [M1,−1,1 : L−1,1,1] = 1 by (3.10), this implies that
Lρ1,−1,1 = 0. An identical argument shows that L
ρ
1,1,−1 = 0.
On the other hand, we have Mρ1,−1,−1 = 0 and so L
ρ
1,−1,−1 = 0. Finally, we have L
ρ
0,0,0 = 0,
since f0v(0,0,0) is singular in M0,0,0 and dimM
ρ
0,0,0 = 1. This proves the claim.
Next, again using the Verma flag structures of the tilting modules that we have proved so
far together with the duality (2.8) we can list the possible composition factors in the Verma
module M1,1,1 (ignoring multiplicities) that have highest weights greater than or equal to the
zero weight:
L1,1,1, L1,−1,1, L1,1,−1, L1,−1,−1, L0,0,0, L−1,1,1.
We shall compare the dimension of the zero-weight subspaces. A direct computation gives
us dimMρ1,1,1 = 5, while dimL
ρ
1,1,1 = 3 (which follows from the fact that L1,1,1 is the adjoint
representation).
Hence, combining with the claim above, we conclude that the multiplicity of the compo-
sition factor L−1,1,1 (which is the trivial module) in M1,1,1 is 5− 3 = 2. 
Remark 3.1. From Theorem 3.5 we have (T1,−1,1 :M−2,−2,−2) = 0, which by (2.9) gives
[M2,2,2 : L−1,1,−1] = 0.(3.11)
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By Lemmas 2.3 and 2.4 we have
Homg(M−1,1,−1,M−1,1,1) 6= 0, Homg(M−1,1,1,M1,1,1) 6= 0, Homg(M1,1,1,M2,2,2) 6= 0.
(3.12)
Recall that v+λ denotes a nonzero highest weight vector of highest weight λ− ρ in Mλ. Then
we have f2v
+
−1,1,1 is a nonzero singular vector in M−1,1,1 of weight (−1, 1,−1)−ρ. We denote
by uv+1,1,1 a nonzero singular vector in M1,1,1 of highest weight (−1, 1, 1)−ρ, and by u
′v+2,2,2 a
nonzero singular vector in M2,2,2 of highest weight (1, 1, 1)− ρ, where u, u
′ ∈ U(n−). These
vectors exist by (3.12). Composing these nonzero homomorphisms between Verma modules
we get a homomorphism in Hom(M−1,1,−1,M2,2,2) given by sending
v+−1,1,−1 ∈M−1,1,−1 → f2v
+
−1,1,1 ∈M−1,1,1 → f2uu
′v2,2,2 ∈M2,2,2.
By (3.11) f2uu
′ = 0, and hence uu′ = 0, as f2 is not a zero divisor. Therefore, u ∈ U(n−)
(which gives us the Verma module homomorphism associated to the even reflection s2δ) is
a (left) zero divisor. This is the first such an example in super representation theory which
we are aware of.
3.5. Characters of projectives in B0. Recall that projective modules in O admit Verma
flags. The tilting character formulae in Theorems 3.3–3.5 can be readily reformulated using
(2.8) into character formulae for projective modules in Propositions 3.7–3.8 below. We shall
write Pλ =
∑
µ pλµMµ to indicate that Pλ admits a Verma flag with (Pλ : Mµ) = pλµ. The
Verma flags of projective modules are arranged in a weight increasing order.
Proposition 3.7. For n ≥ 1, we have the following Verma flags for projective modules:
P+++n =M
+++
n +M
+++
n+1 ,
P++−n =M
++−
n +M
+++
n +M
++−
n+1 +M
+++
n+1 ,
P+−+n =M
+−+
n +M
+++
n +M
+−+
n+1 +M
+++
n+1 ,
P+−−n =M
+−−
n +M
+−+
n +M
++−
n +M
+++
n +M
+−−
n+1 +M
+−+
n+1 +M
++−
n+1 +M
+++
n+1 .
Proposition 3.8. For n ≥ 2, we have the following Verma flags for projective modules:
P−++n =M
−++
n +M
−++
n−1 +M
+++
n−1 +M
+++
n ,
P−+−n =M
−+−
n +M
−++
n +M
−+−
n−1 +M
−++
n−1 +M
++−
n−1 +M
+++
n−1 +M
++−
n +M
+++
n ,
P−−+n =M
−−+
n +M
−++
n +M
−−+
n−1 +M
−++
n−1 +M
+−+
n−1 +M
+++
n−1 +M
+−+
n +M
+++
n ,
P−−−n =M
−−−
n +M
−−+
n +M
−+−
n +M
−++
n +M
−−−
n−1 +M
−−+
n−1 +M
−+−
n−1 +M
−++
n−1
+M+−−n−1 +M
+−+
n−1 +M
++−
n−1 +M
+++
n−1 +M
+−−
n +M
+−+
n +M
++−
n +M
+++
n .
The following projective modules admit irregular Verma flags.
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Proposition 3.9. We have the following Verma flags for the projective modules:
P000 =M000 +M
+−−
1 +M
+−+
1 +M
++−
1 +M
+++
1 ,
P−++1 =M
−++
1 +M000 +M
+−+
1 +M
++−
1 + 2M
+++
1 +M
+++
2 ,
P−+−1 =M
−+−
1 +M
−++
1 +M000 +M
++−
1 +M
+++
1 ,
P−−+1 =M
−−+
1 +M
−++
1 +M000 +M
+−+
1 +M
+++
1 ,
P−−−1 =M
−−−
1 +M
−−+
1 +M
−+−
1 +M
−++
1 + 2M000 +M
+−−
1 +M
+−+
1 +M
++−
1 +M
+++
1 .
3.6. Projective tilting modules in B0. We are interested in knowing which tilting mod-
ules are projective. Let us first examine the lists of tilting modules and projective modules
with regular flags. Note that these tilting modules always have lowest termsM−−−n for n ≥ 2,
while the projective modules always have highest terms M+++n for n ≥ 2. Hence the only
possible isomorphism is between T+++n and P
−−−
n for n ≥ 2, whose Verma flags of length 16
indeed match perfectly.
Among the 5 tilting modules with irregular flags, T+−−1 cannot be projective as it cannot
match with the Verma flags of possible candidates P−−−2 or P
−−−
1 . Among the 5 projective
modules with irregular flags, P−++1 cannot be tilting as it cannot match with the Verma
flags of possible candidates T+++2 or T
+++
1 . The other 4 tilting modules all have lowest
term M−−−1 , while the other 4 projective modules all have highest term M
+++
1 . So the only
possible isomorphism is between T+++1 and P
−−−
1 , whose Verma flags of length 9 indeed
match perfectly.
Theorem 3.10. We have an isomorphism of modules T+++n
∼= P−−−n , for n ≥ 1. Further-
more, there are no other projective tilting modules of atypical weights in B0.
Proof. Thanks to our discussion above it suffices to show that the tilting modules T+++n are
indeed projective, for n ≥ 1. To that end, we observe that the initial tilting modules to which
we applied translation functors to obtain T+++n (for n ≥ 2 in Theorem 3.4 and for n = 1 in
Theorem 3.5) are typical and projective by Proposition 3.2. Since translation functors are
exact, the resulting tilting modules T+++n are also projective. 
Note that Theorem 3.10 implies that the tilting module T+++n has a simple head isomorphic
to L−−−n , for n ≥ 1.
3.7. Composition factors of Verma modules in B0. We shall simply write Mµ =∑
λ pλµLλ below to denote the composition multiplicity [Mµ : Lλ] = pλµ. Using the BGG
reciprocity (Pλ : Lµ) = [Mµ : Lλ], we obtain the formulae for composition factors in Verma
modules. The composition factors of Verma modules are arranged in a weight decreasing
order.
Proposition 3.11. For n ≥ 1, we have the following composition factors of Verma modules:
M−−−n =L
−−−
n + L
−−−
n+1 ,
M−−+n =L
−−+
n + L
−−−
n + L
−−+
n+1 + L
−−−
n+1 ,
M−+−n =L
−+−
n + L
−−−
n + L
−+−
n+1 + L
−−−
n+1 ,
M−++n =L
−++
n + L
−+−
n + L
−−+
n + L
−−−
n + L
−++
n+1 + L
−+−
n+1 + L
−−+
n+1 + L
−−−
n+1 .
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Proposition 3.12. For n ≥ 2, we have the following composition factors of Verma modules:
M+−−n =L
+−−
n + L
+−−
n−1 + L
−−−
n + L
−−−
n+1 ,
M+−+n =L
+−+
n + L
+−−
n + L
+−+
n−1 + L
+−−
n−1 + L
−−+
n + L
−−−
n + L
−−+
n+1 + L
−−−
n+1 ,
M++−n =L
++−
n + L
+−−
n + L
++−
n−1 + L
+−−
n−1 + L
−+−
n + L
−−−
n + L
−+−
n+1 + L
−−−
n+1 ,
M+++n =L
+++
n + L
++−
n + L
+−+
n + L
+−−
n + L
+++
n−1 + L
++−
n−1 + L
+−+
n−1 + L
+−−
n−1
+L−++n + L
−+−
n + L
−−+
n + L
−−−
n + L
−++
n+1 + L
−+−
n+1 + L
−−+
n+1 + L
−−−
n+1 + δn,2L
−++
1 .
The Verma modules with irregular composition series are given as follows.
Proposition 3.13. We have the following composition factors of Verma modules:
M000 =L000 + L
−++
1 + L
−+−
1 + L
−−+
1 + 2L
−−−
1 ,
M+−−1 =L
+−−
1 + L000 + L
−−−
1 + L
−−−
2 ,
M+−+1 =L
+−+
1 + L
+−−
1 + L000 + L
−++
1 + L
−−+
1 + L
−−−
1 + L
−−+
2 + L
−−−
2 ,
M++−1 =L
++−
1 + L
+−−
1 + L000 + L
−++
1 + L
−+−
1 + L
−−−
1 + L
−+−
2 + L
−−−
2 ,
M+++1 =L
+++
1 + L
++−
1 + L
+−+
1 + L
+−−
1 + L000 + 2L
−++
1 + L
−+−
1 + L
−−+
1 + L
−−−
1
+L−++2 + L
−+−
2 + L
−−+
2 + L
−−−
2 .
4. Character formulae in O, for ζ ∈ Q
In this section, we assume ζ ∈ Q\{0,−1}. We can and will assume ζ > 0 thanks to the
isomorphisms (2.2). We shall obtain the Verma flag multiplicities of every tilting module
and every projective module in O. We also describe the composition factors of every Verma
module.
4.1. Classification of blocks. We denote
ζ = p/d, for p, d ∈ Z>0, (p, d) = 1.
Recall a ρ-shifted weight (x, y, z) is atypical if it satisfies (2.6). A ρ-shifted weight is called
singular if at least one of the 3 coordinates is zero, and a weight is singular if its ρ-shifted
weight is singular; otherwise it is called regular.
For k ∈ N, we introduce the following ρ-shifted weights (with 8 choices of signs):
f±±±k;n =


(
±(−n), ±(−n − kp), ±(−n + kd)
)
, if n ≤ −kp,(
±(−n), ±(n + kp), ±(−n + kd)
)
, if 1− kp ≤ n ≤ 0,(
±n, ±(n + kp), ±(−n + kd)
)
, if 0 ≤ n ≤ kd− 1,(
±n, ±(n + kp), ±(n− kd)
)
, if kd ≤ n.
(4.1)
For k ≥ 1 and for each of 4 choices of signs, we have the following identification
f+±±k;0 = f
−±±
k;0 (
def
=: f ◦±±k;0 ), f
±+±
k;−kp = f
±−±
k;−kp(
def
=: f±◦±k;0 ), f
±±+
k;kd = f
±±−
k;kd (
def
=: f±±◦k;0 ),
and these identifications are the only possible ones among all weights f±±±k;n , for k ≥ 1.
Denote WT0 = {f
±±±
0;n | n ∈ Z} = {(±n,±n,±n) | n ∈ Z>0} ∪ {0, 0, 0}, and
WTk =
{
f±±±k;n | n ∈ Z\{0,−kp, kd}
}
⊔ {f ◦±±k;0 , f
±◦±
k;−kp, f
±±◦
k;kd }, for k ≥ 1.
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We shall often omit the index k when there is no confusion by setting
f±±±n = f
±±±
k;n , f
◦±±
0 = f
◦±±
k;0 , f
±◦±
−kp = f
±◦±
k;−kp, f
±±◦
kd = f
±±◦
k;kd .
We denote by Xaty the set of atypical weights in the weight lattice X .
Lemma 4.1. The set Xaty is identified with the disjoint union
⊔
k∈N WTk via the isomor-
phism X ∼= Z3 in (2.5).
Proof. Recall that ζ = p
d
∈ Q with p, d > 0 and (p, d) = 1. Let f = (n,m, ℓ) ∈ Z3 be an
atypical ρ-shifted weight. It follows by (2.6) that for some σ, τ ∈ {+1,−1} we have
(−n + σm)d = (n− τℓ)p.
Since (p, d) = 1 there exists k ∈ Z such that (−n + σm) = kp, and hence (n − τℓ) = kd.
Thus, we get
m = ±(n+ kp), ℓ = ±(n− kd).
It follows that any atypical weight is of the form
f±±±k;n = (±|n|,±|n+ kp|,±|n− kd|),
f±±±k;−n = (±|n|,±|n− kp|,±|n+ kd|),
for k, n ∈ N. This completes the proof. 
The Bruhat order  on the lattice Z3 is defined as the transitive closure of the following
relations:
(1) (−a, b, c) ≺ (a, b, c) if a > 0,
(2) (a,−b, c) ≺ (a, b, c) if b > 0,
(3) (a, b,−c) ≺ (a, b, c) if c > 0,
(4) f−στ
k;±(n+1) ≺ f
−στ
k;±n, and f
+στ
k;±n ≺ f
+στ
k;±(n+1), for any k ≥ 0, n ∈ N and σ, τ = ±.
This restricts to a Bruhat ordering on WTk, for each k ≥ 0. Via the isomorphism X ∼= Z
3
in (2.5), this defines a Bruhat ordering on the weight lattice X . We note that the Bruhat
ordering thus defined is consistent with the Harish-Chandra homomorphism; cf. (2.11).
Furthermore, by Lemmas 2.3 and 2.4, we have f ≺ g if and only if there exists a sequence of
weights f = f1 ≺ f2 ≺ · · · ≺ fk = g such that Homg(Mfi ,Mfi+1) 6= 0, for all i = 1, · · ·k − 1.
The typical blocks are controlled by the Weyl groupW . A typical block is the full subcate-
gory of O whose composition factors are of the form Lf , where f runs over a fixedW -orbit in
Z3\
⊔
k∈NWTk. There is a unique representative in Wf of the form (n,m, ℓ), for n,m, ℓ ∈ N
and we denote this block by Bn,m,ℓ. A version of Proposition 3.2 holds (cf. [Gor02]), that
is, the typical block Bn,m,ℓ is equivalent to the principal block for the Lie algebra which is a
direct sum of r copies of sl2, where r is as in (3.1). We shall freely use the character formulae
Tf for typical f below.
From now on we shall focus on the atypical blocks in O.
Proposition 4.2. For each k ∈ N, there is a block Bk in O which contains simple modules
Lf , for f ∈WTk. Moreover, any atypical block in O is one of Bk, for k ∈ N.
Proof. Let Bk be the full subcategory of O of modules that have composition factors of the
form Lf , for f ∈WTk.
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Recall that the eigenvalue cf of the Casimir operator on Lf is given by (2.12). Now for
ζ = p
d
we have cf±±±
k;n
= k2(p2+pd), for f±±±k;n ∈WTk, and hence is independent of n. Clearly,
for k, ℓ ∈ N, with k 6= ℓ we have k2(p2 + pd) 6= ℓ2(p2 + pd). Thus, we have established that
the subcategories Bk are separated by the Casimir element.
By Lemmas 2.3 and 2.4, all the weights in WTk = {f
±±±
k,n |n ∈ Z} are linked, for each
fixed k. Hence Bk are indeed blocks. As we have exhausted the set of atypical weights by
Lemma 4.1, the proposition is proved. 
Remark 4.1. The block B0 is the principal block which contains the trivial module. As seen
above, the blocks Bk, for k ∈ N, are separated by the eigenvalues of the Casimir element,
which acts on any simple module in Bk by the scalar k
2(p2 + pd). Similar results for the
category of finite-dimensional D(2|1; ζ)-modules were obtained in [Ger00].
We introduce the shorthand notations for various modules in Bk (k ≥ 1), and we often
omit the index k when there is no confusion:
T±±±n = T
±±±
k;n = Tf±±±
k;n
(n ∈ Z\{0,−kp, kd}),
T ◦±±0 = T
◦±±
k;0 = Tf◦±±
k;0
, T±◦±−kp = T
±◦±
k;−kp = Tf±◦±
k;−kp
, T±±◦kd = T
±±◦
k;kd = Tf±±◦
k;kd
.
(4.2)
Similar self-explanatory notations, with P/M/L replacing T above, will be used for the
projective, Verma, and simple modules.
4.2. The principal block B0 (ζ ∈ Q). The weight poset WT0 is identical to the weight
poset for the principal block with ζ 6∈ Q; see Section 3. The Verma flag structures of tilting
modules and projective modules in B0 are exactly the same as for B0 with ζ 6∈ Q; see Section
3. They can be proved in the same way as before, and we will not repeat it here. These
observations motivate us to formulate the following conjecture.
Conjecture 4.3. The principal blocks B0 for all parameters ζ are equivalent (as highest
weight categories).
The blocks Bk, for distinct k, are not equivalent since their weight posets WTk are pairwise
non-isomorphic. But one may ask if the blocks Bk can possibly be derived equivalent.
4.3. Tilting modules in the blocks Bk for kp ≥ 2, kd ≥ 2. In the remainder of Section 4,
we make the following assumption
kp ≥ 2, kd ≥ 2.(4.3)
The remaining cases will be treated in Sections 5 and 6.
We shall describe the Verma flags for all tilting modules in all blocks Bk (k ≥ 1) in
Theorems 4.4–4.8 below. The translation functors below from a typical block to the atypical
block Bk are obtained from tensoring with the adjoint module. Our strategy here is the same
as described at the beginning of Section 3.3.
We read one fixed sign for the indices at a time for the formulae in Theorem 4.4 below for
tilting modules with regular Verma flags.
Theorem 4.4. Assume that kp ≥ 2, kd ≥ 2.
(1) We have the following Verma flag formulae for T−±±−n (n ≥ 1, n 6= kp, kp − 1) and for
20 S.-J. CHENG AND W. WANG
T−±±n (n ≥ 1, n 6= kd, kd− 1) in the block Bk:
T−−−±n =M
−−−
±n +M
−−−
±(n+1),
T−−+±n =M
−−+
±n +M
−−−
±n +M
−−+
±(n+1) +M
−−−
±(n+1),
T−+−±n =M
−+−
±n +M
−−−
±n +M
−+−
±(n+1) +M
−−−
±(n+1),
T−++±n =M
−++
±n +M
−+−
±n +M
−−+
±n +M
−−−
±n +M
−++
±(n+1) +M
−+−
±(n+1) +M
−−+
±(n+1) +M
−−−
±(n+1).
(2) We have the following Verma flag formulae for T+±±−n (n ≥ 2, n 6= kp, kp+ 1) and for
T+±±n (n ≥ 2, n 6= kd, kd+ 1) in the block Bk:
T+−−±n =M
+−−
±n +M
+−−
±(n−1) +M
−−−
±(n−1) +M
−−−
±n ,
T+−+±n =M
+−+
±n +M
+−−
±n +M
+−+
±(n−1) +M
+−−
±(n−1) +M
−−+
±(n−1) +M
−−−
±(n−1) +M
−−+
±n +M
−−−
±n ,
T++−±n =M
++−
±n +M
+−−
±n +M
++−
±(n−1) +M
+−−
±(n−1) +M
−+−
±(n−1) +M
−−−
±(n−1) +M
−+−
±n +M
−−−
±n ,
T+++±n =M
+++
±n +M
++−
±n +M
+−+
±n +M
+−−
±n +M
+++
±(n−1) +M
++−
±(n−1) +M
+−+
±(n−1) +M
+−−
±(n−1)
+M−++
±(n−1) +M
−+−
±(n−1) +M
−−+
±(n−1) +M
−−−
±(n−1) +M
−++
±n +M
−+−
±n +M
−−+
±n +M
−−−
±n .
Proof. The proof is a rerun of the proofs of Theorems 3.3 and 3.4, and so let us be brief.
We apply translation functors E to T = Tfabc
±n−(2,0,0)
to obtain T abc± , for all 8 choices a, b, c ∈
{±}. We first check the resulting modules ET indeed have Verma flags as given in the
theorem. To show these 8 modules ET obtained via translation functors (applied on tilting
modules) are tilting modules, it remains to show they are indecomposable. We proceed
following the anti-dominant order as listed in the theorem, as the proof of the latter formulae
assumes the validity of preceding formulae.
We check the lowest term Mlow on the RHS of the 8 formulae in the theorem is indeed
in a Verma flag of the LHS. Case 1 in (1) is easy by Lemma 2.3. For Case 2 in (1), we
have (T−−+±n : M
−−−
±(n+1)) = [M
+++
±(n+1) : L
++−
±n ] > 0, since there is a singular vector of the form
f ∗2u
+ (for some positive power ∗) where u+ is a singular vector of ρ-shifted weight f+++±n
by Lemma 2.3. Case 3 in (1) is similar. For Case 4 in (1), we have (T−++±n : M
−−−
±(n+1)) =
[M+++
±(n+1) : L
+−−
±n ] > 0, since there is a singular vector of the form f
∗∗
1 f
∗
2u
+ (for some positive
powers ∗, ∗∗). For example, for Case 4 of (2), we have (T+++±n : M
−−−
±n ) = [M
+++
±n : L
−−−
±n ] > 0,
since there is a singular vector of the form f ∗∗1 f
∗
2u
+ (for some positive powers ∗, ∗∗), where
u+ is a singular vector of ρ-shifted weight f−++±n by Lemma 2.4. The first 3 cases of (2) are
similar and easier.
Finally, by base-by-case inspection we check the tilting module whose highest term is any
Verma on the RHS (of any of the 8 formulae in the theorem) other than the first one has its
lowest term beingMlow or a term not on the RHS. So it is impossible for such a tilting module
to be a direct summand of the modules ET . This proves the desired indecomposability. 
It remains to describe the irregular tilting modules T ◦±±0 , T
−±±
1−kp , T
−±±
kd−1 , T
+±±
−1 , T
+±±
1 ,
T±◦±−kp , T
±±◦
kd , T
+±±
−1−kp and T
+±±
kd+1 .
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Theorem 4.5. Assume that kp ≥ 2, kd ≥ 2. We have the following Verma flags for tilting
modules in the block Bk:
T ◦−−0 = M
◦−−
0 +M
−−−
−1 +M
−−−
1 ,
T ◦−+0 = M
◦−+
0 +M
◦−−
0 +M
−−+
−1 +M
−−−
−1 +M
−−+
1 +M
−−−
1 ,
T ◦+−0 = M
◦+−
0 +M
◦−−
0 +M
−+−
1 +M
−+−
−1 +M
−−−
−1 +M
−−−
1 ,(4.4)
T ◦++0 = M
◦++
0 +M
◦+−
0 +M
◦−+
0 +M
◦−−
0 +M
−++
1 +M
−+−
1 +M
−++
−1 +M
−+−
−1
+M−−+−1 +M
−−−
−1 +M
−−+
1 +M
−−−
1 ,
T−−−1−kp = M
−−−
1−kp +M
−◦−
−kp +M
−−−
−1−kp,
T−−+1−kp = M
−−+
1−kp +M
−−−
1−kp +M
−◦+
−kp +M
−◦−
−kp +M
−−+
−1−kp +M
−−−
−1−kp,
T−+−1−kp = M
−+−
1−kp +M
−−−
1−kp + 2M
−◦−
−kp +M
−+−
−1−kp +M
−−−
−1−kp,(4.5)
T−++1−kp = M
−++
1−kp +M
−+−
1−kp +M
−−+
1−kp +M
−−−
1−kp + 2M
−◦+
−kp + 2M
−◦−
−kp
+M−++−1−kp +M
−+−
−1−kp +M
−−+
−1−kp +M
−−−
−1−kp,
T−−−kd−1 = M
−−−
kd−1 +M
−−◦
kd +M
−−−
kd+1 ,
T−−+kd−1 = M
−−+
kd−1 +M
−−−
kd−1 + 2M
−−◦
kd +M
−−+
kd+1 +M
−−−
kd+1 ,
T−+−kd−1 = M
−+−
kd−1 +M
−−−
kd−1 +M
−+◦
kd +M
−−◦
kd +M
−+−
kd+1 +M
−−−
kd+1 ,(4.6)
T−++kd−1 = M
−++
kd−1 +M
−+−
kd−1 +M
−−+
kd−1 +M
−−−
kd−1 + 2M
−+◦
kd + 2M
−−◦
kd
+M−++kd+1 +M
−+−
kd+1 +M
−−+
kd+1 +M
−−−
kd+1 .
Theorem 4.6. Assume that kp ≥ 2, kd ≥ 2. We have the following Verma flags for tilting
modules in the block Bk:
T+−−−1 = M
+−−
−1 +M
◦−−
0 +M
−−−
−1 ,
T+−+−1 = M
+−+
−1 +M
+−−
−1 +M
◦−+
0 +M
◦−−
0 +M
−−+
−1 +M
−−−
−1 ,
T++−−1 = M
++−
−1 +M
+−−
−1 +M
◦+−
0 +M
◦−−
0 +M
−+−
−1 +M
−−−
−1 ,(4.7)
T+++−1 = M
+++
−1 +M
++−
−1 +M
+−+
−1 +M
+−−
−1 +M
◦++
0 +M
◦+−
0 +M
◦−+
0 +M
◦−−
0
+M−++−1 +M
−+−
−1 +M
−−+
−1 +M
−−−
−1 ,
T+−−1 = M
+−−
1 +M
◦−−
0 +M
−−−
1 ,
T+−+1 = M
+−+
1 +M
+−−
1 +M
◦−+
0 +M
◦−−
0 +M
−−+
1 +M
−−−
1 ,
T++−1 = M
++−
1 +M
+−−
1 +M
◦+−
0 +M
◦−−
0 +M
−+−
1 +M
−−−
1 ,(4.8)
T+++1 = M
+++
1 +M
++−
1 +M
+−+
1 +M
+−−
1 +M
◦++
0 +M
◦+−
0 +M
◦−+
0 +M
◦−−
0
+M−++1 +M
−+−
1 +M
−−+
1 +M
−−−
1 ,
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Theorem 4.7. Assume that kp ≥ 2, kd ≥ 2. We have the following Verma flags for tilting
modules in the block Bk:
T−◦−−kp = M
−◦−
−kp +M
−+−
−1−kp +M
−−−
−1−kp,
T−◦+−kp = M
−◦+
−kp +M
−◦−
−kp +M
−++
−1−kp +M
−+−
−1−kp +M
−−+
−1−kp +M
−−−
−1−kp,
T+◦−−kp = M
+◦−
−kp +M
++−
1−kp +M
+−−
1−kp +M
−+−
1−kp +M
−−−
1−kp +M
−◦−
−kp ,(4.9)
T+◦+−kp = M
+◦+
−kp +M
+◦−
−kp +M
+++
1−kp +M
++−
1−kp +M
+−+
1−kp +M
+−−
1−kp
+M−++1−kp +M
−+−
1−kp +M
−−+
1−kp +M
−−−
1−kp +M
−◦+
−kp +M
−◦−
−kp ,
T−−◦kd = M
−−◦
kd +M
−−+
kd+1 +M
−−−
kd+1 ,
T−+◦kd = M
−+◦
kd +M
−−◦
kd +M
−++
kd+1 +M
−+−
kd+1 +M
−−+
kd+1 +M
−−−
kd+1 ,
T+−◦kd = M
+−◦
kd +M
+−+
kd−1 +M
+−−
kd−1 +M
−−+
kd−1 +M
−−−
kd−1 +M
−−◦
kd ,(4.10)
T++◦kd = M
++◦
kd +M
+−◦
kd +M
+++
kd−1 +M
++−
kd−1 +M
+−+
kd−1 +M
+−−
kd−1
+M−++kd−1 +M
−−+
kd−1 +M
−+−
kd−1 +M
−−−
kd−1 +M
−+◦
kd +M
−−◦
kd .
Theorem 4.8. Assume that kp ≥ 2, kd ≥ 2. We have the following Verma flags for tilting
modules in the block Bk:
T+−−−1−kp = M
+−−
−1−kp +M
+◦−
−kp +M
+−−
1−kp +M
−−−
1−kp +M
−◦−
−kp +M
−−−
−1−kp,
T+−+−1−kp = M
+−+
−1−kp +M
+−−
−1−kp +M
+◦+
−kp +M
+◦−
−kp +M
+−+
1−kp +M
+−−
1−kp
+M−−+1−kp +M
−−−
1−kp +M
−◦+
−kp +M
−◦−
−kp +M
−−+
−1−kp +M
−−−
−1−kp,
T++−−1−kp = M
++−
−1−kp +M
+−−
−1−kp + 2M
+◦−
−kp +M
++−
1−kp +M
+−−
1−kp(4.11)
+M−+−1−kp +M
−−−
1−kp + 2M
−◦−
−kp +M
−+−
−1−kp +M
−−−
−1−kp,
T+++−1−kp = M
+++
−1−kp +M
++−
−1−kp +M
+−+
−1−kp +M
+−−
−1−kp + 2M
+◦+
−kp + 2M
+◦−
−kp
+M+++1−kp +M
++−
1−kp +M
+−+
1−kp +M
+−−
1−kp +M
−++
1−kp +M
−+−
1−kp +M
−−+
1−kp +M
−−−
1−kp
+ 2M−◦+−kp + 2M
−◦−
−kp +M
−++
−1−kp +M
−+−
−1−kp +M
−−+
−1−kp +M
−−−
−1−kp,
T+−−kd+1 = M
+−−
kd+1 +M
+−◦
kd +M
+−−
kd−1 +M
−−−
kd−1 +M
−−◦
kd +M
−−−
kd+1 ,
T+−+kd+1 = M
+−+
kd+1 +M
+−−
kd+1 + 2M
+−◦
kd +M
+−+
kd−1 +M
+−−
kd−1
+M−−+kd−1 +M
−−−
kd−1 + 2M
−−◦
kd +M
−−+
kd+1 +M
−−−
kd+1 ,
T++−kd+1 = M
++−
kd+1 +M
+−−
kd+1 +M
++◦
kd +M
+−◦
kd +M
++−
kd−1 +M
+−−
kd−1(4.12)
+M−+−kd−1 +M
−−−
kd−1 +M
−+◦
kd +M
−−◦
kd +M
−+−
kd+1 +M
−−−
kd+1 ,
T+++kd+1 = M
+++
kd+1 +M
++−
kd+1 +M
+−+
kd+1 +M
+−−
kd+1 + 2M
++◦
kd + 2M
+−◦
kd
+M+++kd−1 +M
++−
kd−1 +M
+−+
kd−1 +M
+−−
kd−1 +M
−++
kd−1 +M
−+−
kd−1 +M
−−+
kd−1 +M
−−−
kd−1
+ 2M−+◦kd + 2M
−−◦
kd +M
−++
kd+1 +M
−+−
kd+1 +M
−−+
kd+1 +M
−−−
kd+1 .
Proofs of Theorems 4.5–4.8. The usual strategy to prove that these resulting modules are
tilting still applies here. We only specify the new features and new cas
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The most tedious part of the proofs is to verify that when applying suitable translation
functors to suitable modules the resulting modules admit the Verma flags as described in
the theorems. To obtain all the tilting modules Tf in Theorems 4.4, 4.5, 4.7 and 4.8, we
apply translation functors to the initial tilting modules Tf−(2,0,0). The 4 formulae for tilting
modules Tf in (4.7) in Theorem 4.6 require applying translation functors to the initial tilting
modules Tf−(1,1,1), Tf−(1,1,−1), Tf−(1,−1,1) and Tf−(1,−1,−1), respectively; that is,
T0,−kp,−2−kd = M0,−kp,−2−kd❀❀ T
+−−
−1 ,
T0,−kp,2+kd = M0,−kp,2+kd +M0,−kp,−2−kd❀❀ T
+−+
−1 ,
T0,kp,−2−kd = M0,kp,−2−kd +M0,−kp,−2−kd❀❀ T
++−
−1 ,
T0,kp,2+kd = M0,kp,2+kd +M0,kp,−2−kd +M0,−kp,2+kd +M0,−kp,−2−kd❀❀ T
+++
−1 .
The 4 formulae in (4.8) are obtained similarly.
In most of the cases it is straightforward to verify the appearance of lowest terms in the
tilting formulae and indecomposability. However, it takes a little extra work to verify that
the lowest term M−−−−1−kp indeed appears in the tilting module in Case 4 of (4.5). (Formulae
(4.6) can be treated in a way entirely similar to (4.5).) To this end we make use of Lemma 2.1:
We apply a translation functor E to T−1−kp,1,k(p+d)−1 to obtain a module ET−1−kp,1,k(p+d)−1
with highest term M1−kp,1,k(p+d)−1. Note, since (−1 − kp, 1, k(p+ d)− 1) is typical we have
short exact sequences
T−1−kp,1,k(p+d)−1 −→ T−1−kp,−1,k(p+d)−1 −→ 0,(4.13)
T−1−kp,1,k(p+d)−1 −→ T−1−kp,1,1−k(p+d) −→ 0.(4.14)
Applying E to (4.13) we see that ET−1−kp,1,k(p+d)−1 has an indecomposable quotient module
ET−1−kp,−1,k(p+d)−1 = T1−kp,−1,k(p+d)−1 = T
−−+
1−kp (as given in Case 2 of (4.5)). Applying E
to (4.14) we see that ET−1−kp,1,k(p+d)−1 has an indecomposable quotient ET−1−kp,1,1−k(p+d) =
T1−kp,1,1−k(p+d) = T
−+−
1−kp (as given in Case 3 of (4.5)). It is easy to see that M
−+−
kd−1 and M
−−+
kd−1
must appear in T−++1−kp . Since M
−+−
kd−1 and M
−−+
kd−1 are leading terms of T
−−+
1−kp and T
−+−
1−kp , all the
terms in Cases 2–3 of (4.5) will appear in T−++1−kp . Finally, it is clear that the remaining terms
in (4.5), M−+◦kd and/or M
−++
kd+1 , cannot form a tilting module and hence cannot be a direct
summand of ET−1−kp,1,k(p+d)−1. We conclude that ET−1−kp,1,k(p+d)−1 is indecomposable and
hence must be T−++1−kp .
Finally, the formulae in the Cases 3 and 4 of (4.11) and in the Cases 2 and 4 of (4.12) in
Theorem 4.8 can be established using an analogous argument based on Lemma 2.1. 
4.4. Characters of projectives in Bk. The formulae of Verma flags for tilting modules in
Theorems 4.4–4.8 are readily translated into formulae of Verma flags for projective modules
using the identity (2.8). We formulate the results in Propositions 4.9–4.13 below. Having
these explicit formulae available are helpful in identifying the projective tilting modules and
then computing the composition factors in Verma modules in the next subsections.
Proposition 4.9. Assume that kp ≥ 2, kd ≥ 2.
(1) We have the following Verma flag formulae for the projective modules P+±±−n (n ≥ 1, n 6=
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kp, kp− 1) and for P+±±n (n ≥ 1, n 6= kd, kd− 1) in the block Bk:
P+++±n =M
+++
±n +M
+++
±(n+1),
P++−±n =M
++−
±n +M
+++
±n +M
++−
±(n+1) +M
+++
±(n+1),
P+−+±n =M
+−+
±n +M
+++
±n +M
+−+
±(n+1) +M
+++
±(n+1),
P+−−±n =M
+−−
±n +M
+−+
±n +M
++−
±n +M
+++
±n +M
+−−
±(n+1) +M
+−+
±(n+1) +M
++−
±(n+1) +M
+++
±(n+1).
(2) We have the following Verma flag formulae for the projective modules P−±±−n (n ≥
2, n 6= kp, kp+ 1) and for P−±±n (n ≥ 2, n 6= kd, kd+ 1) in the block Bk:
P−++±n =M
−++
±n +M
−++
±(n−1) +M
+++
±(n−1) +M
+++
±n ,
P−+−±n =M
−+−
±n +M
−++
±n +M
−+−
±(n−1) +M
−++
±(n−1) +M
++−
±(n−1) +M
+++
±(n−1) +M
++−
±n +M
+++
±n ,
P−−+±n =M
−−+
±n +M
−++
±n +M
−−+
±(n−1) +M
−++
±(n−1) +M
+−+
±(n−1) +M
+++
±(n−1) +M
+−+
±n +M
+++
±n ,
P−−−±n =M
−−−
±n +M
−−+
±n +M
−+−
±n +M
−++
±n +M
−−−
±(n−1) +M
−−+
±(n−1) +M
−+−
±(n−1) +M
−++
±(n−1)
+M+−−
±(n−1) +M
+−+
±(n−1) +M
++−
±(n−1) +M
+++
±(n−1) +M
+−−
±n +M
+−+
±n +M
++−
±n +M
+++
±n .
Proposition 4.10. Assume that kp ≥ 2, kd ≥ 2. We have the following Verma flags for
projective modules in the block Bk:
P ◦++0 = M
◦++
0 +M
+++
−1 +M
+++
1 ,
P ◦+−0 = M
◦+−
0 +M
◦++
0 +M
++−
−1 +M
+++
−1 +M
++−
1 +M
+++
1 ,
P ◦−+0 = M
◦−+
0 +M
◦++
0 +M
+−+
1 +M
+−+
−1 +M
+++
−1 +M
+++
1 ,(4.15)
P ◦−−0 = M
◦−−
0 +M
◦−+
0 +M
◦+−
0 +M
◦++
0 +M
+−−
1 +M
+−+
1 +M
+−−
−1 +M
+−+
−1
+M++−−1 +M
+++
−1 +M
++−
1 +M
+++
1 ,
P+++1−kp = M
+++
1−kp +M
+◦+
−kp +M
+++
−1−kp,
P++−1−kp = M
++−
1−kp +M
+++
1−kp +M
+◦−
−kp +M
+◦+
−kp +M
++−
−1−kp +M
+++
−1−kp,
P+−+1−kp = M
+−+
1−kp +M
+++
1−kp + 2M
+◦+
−kp +M
+−+
−1−kp +M
+++
−1−kp,(4.16)
P+−−1−kp = M
+−−
1−kp +M
+−+
1−kp +M
++−
1−kp +M
+++
1−kp + 2M
+◦−
−kp + 2M
+◦+
−kp
+M+−−−1−kp +M
+−+
−1−kp +M
++−
−1−kp +M
+++
−1−kp,
P+++kd−1 = M
+++
kd−1 +M
++◦
kd +M
+++
kd+1 ,
P++−kd−1 = M
++−
kd−1 +M
+++
kd−1 + 2M
++◦
kd +M
++−
kd+1 +M
+++
kd+1 ,
P+−+kd−1 = M
+−+
kd−1 +M
+++
kd−1 +M
+−◦
kd +M
++◦
kd +M
+−+
kd+1 +M
+++
kd+1 ,(4.17)
P+−−kd−1 = M
+−−
kd−1 +M
+−+
kd−1 +M
++−
kd−1 +M
+++
kd−1 + 2M
+−◦
kd + 2M
++◦
kd
+M+−−kd+1 +M
+−+
kd+1 +M
++−
kd+1 +M
+++
kd+1 .
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Proposition 4.11. Assume that kp ≥ 2, kd ≥ 2. We have the following Verma flags for
projective modules in the block Bk (here we read a fixed sign at a time):
P−++±1 = M
−++
±1 +M
◦++
0 +M
+++
±1 ,
P−+−±1 = M
−+−
±1 +M
−++
±1 +M
◦+−
0 +M
◦++
0 +M
++−
±1 +M
+++
±1 ,
P−−+±1 = M
−−+
±1 +M
−++
±1 +M
◦−+
0 +M
◦++
0 +M
+−+
±1 +M
+++
±1 ,(4.18)
P−−−±1 = M
−−−
±1 +M
−−+
±1 +M
−+−
±1 +M
−++
±1 +M
◦−−
0 +M
◦−+
0 +M
◦+−
0 +M
◦++
0
+M+−−±1 +M
+−+
±1 +M
++−
±1 +M
+++
±1 .
If we set n = 1 in Proposition 4.9(2) and interpret the sum of M−bc
±(n−1) and M
+bc
±(n−1) in
P−±±±n therein as a single M
◦bc
0 , then we recover the formulae for P
−±±
±1 in Proposition 4.11.
Proposition 4.12. Assume that kp ≥ 2, kd ≥ 2. We have the following Verma flags for
projective modules in the block Bk:
P+◦+−kp = M
+◦+
−kp +M
+−+
−1−kp +M
+++
−1−kp,
P+◦−−kp = M
+◦−
−kp +M
+◦+
−kp +M
+−−
−1−kp +M
+−+
−1−kp +M
++−
−1−kp +M
+++
−1−kp,
P−◦+−kp = M
−◦+
−kp +M
−−+
1−kp +M
−++
1−kp +M
+−+
1−kp +M
+++
1−kp +M
+◦+
−kp ,(4.19)
P−◦−−kp = M
−◦−
−kp +M
−◦+
−kp +M
−−−
1−kp +M
−−+
1−kp +M
−+−
1−kp +M
−++
1−kp
+M+−−1−kp +M
+−+
1−kp +M
++−
1−kp +M
+++
1−kp +M
+◦−
−kp +M
+◦+
−kp ,
P++◦kd = M
++◦
kd +M
++−
kd+1 +M
+++
kd+1 ,
P+−◦kd = M
+−◦
kd +M
++◦
kd +M
+−−
kd+1 +M
+−+
kd+1 +M
++−
kd+1 +M
+++
kd+1 ,
P−+◦kd = M
−+◦
kd +M
−+−
kd−1 +M
−++
kd−1 +M
++−
kd−1 +M
+++
kd−1 +M
++◦
kd ,(4.20)
P−−◦kd = M
−−◦
kd +M
−+◦
kd +M
−−−
kd−1 +M
−−+
kd−1 +M
−+−
kd−1 +M
−++
kd−1
+M+−−kd−1 +M
++−
kd−1 +M
+−+
kd−1 +M
+++
kd−1 +M
+−◦
kd +M
++◦
kd .
Proposition 4.13. Assume that kp ≥ 2, kd ≥ 2. We have the following Verma flags for
projective modules in the block Bk:
P−++−1−kp = M
−++
−1−kp +M
−◦+
−kp +M
−++
1−kp +M
+++
1−kp +M
+◦+
−kp +M
+++
−1−kp,
P−+−−1−kp = M
−+−
−1−kp +M
−++
−1−kp +M
−◦−
−kp +M
−◦+
−kp +M
−+−
1−kp +M
−++
1−kp
+M++−1−kp +M
+++
1−kp +M
+◦−
−kp +M
+◦+
−kp +M
++−
−1−kp +M
+++
−1−kp,
P−−+−1−kp = M
−−+
−1−kp +M
−++
−1−kp + 2M
−◦+
−kp +M
−−+
1−kp +M
−++
1−kp(4.21)
+M+−+1−kp +M
+++
1−kp + 2M
+◦+
−kp +M
+−+
−1−kp +M
+++
−1−kp,
P−−−−1−kp = M
−−−
−1−kp +M
−−+
−1−kp +M
−+−
−1−kp +M
−++
−1−kp + 2M
−◦−
−kp + 2M
−◦+
−kp
+M−−−1−kp +M
−−+
1−kp +M
−+−
1−kp +M
−++
1−kp +M
+−−
1−kp +M
+−+
1−kp +M
++−
1−kp +M
+++
1−kp
+ 2M+◦−−kp + 2M
+◦+
−kp +M
+−−
−1−kp +M
+−+
−1−kp +M
++−
−1−kp +M
+++
−1−kp,
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P−++kd+1 = M
−++
kd+1 +M
−+◦
kd +M
−++
kd−1 +M
+++
kd−1 +M
++◦
kd +M
+++
kd+1 ,
P−+−kd+1 = M
−+−
kd+1 +M
−++
kd+1 + 2M
−+◦
kd +M
−+−
kd−1 +M
−++
kd−1
+M++−kd−1 +M
+++
kd−1 + 2M
++◦
kd +M
++−
kd+1 +M
+++
kd+1 ,
P−−+kd+1 = M
−−+
kd+1 +M
−++
kd+1 +M
−−◦
kd +M
−+◦
kd +M
−−+
kd−1 +M
−++
kd−1(4.22)
+M+−+kd−1 +M
+++
kd−1 +M
+−◦
kd +M
++◦
kd +M
+−+
kd+1 +M
+++
kd+1 ,
P−−−kd+1 = M
−−−
kd+1 +M
−−+
kd+1 +M
−+−
kd+1 +M
−++
kd+1 + 2M
−−◦
kd + 2M
−+◦
kd
+M−−−kd−1 +M
−−+
kd−1 +M
−+−
kd−1 +M
−++
kd−1 +M
+−−
kd−1 +M
+−+
kd−1 +M
++−
kd−1 +M
+++
kd−1
+ 2M+−◦kd + 2M
++◦
kd +M
+−−
kd+1 +M
+−+
kd+1 +M
++−
kd+1 +M
+++
kd+1 .
4.5. Projective tilting modules in Bk. We would like to determine when a Verma flag
of a tilting module could match a Verma flag of a projective module.
By inspection of the formulae for Verma flags of the tilting modules in Bk in Section 4.3,
all tilting modules except T+◦∓−kp and T
+∓◦
kd have lowest terms (in the Verma flags) of the form
M−−−n (n 6= 0). On the other hand, by the formulae in Section 4.4, the projective modules
P−−−n (for n 6= 0, kd,−kp) have highest terms (in the Verma flags) of the form M
+++
n . The
tilting modules T+◦∓−kp have lowest terms M
−◦−
−kp , while the tilting modules T
+∓◦
kd have lowest
terms M−−◦kd . On the other hand, the projective modules P
−◦−
−kp have highest terms M
+◦+
−kp ,
while the projective modules P−−◦kd have highest terms M
++◦
kd .
Hence the only possible matchings of Verma flags are between T+◦+−kp and P
−◦−
−kp , T
++◦
kd and
P−−◦kd , as well as T
+++
n and P
−−−
n (for n 6= 0, kd,−kp), respectively. Now, a similar argument
as in the proof of Theorem 3.10 enables us to establish the following.
Theorem 4.14. Assume kp ≥ 2, kd ≥ 2. We have the following isomorphisms between
projective and tilting modules in Bk:
T+◦+−kp
∼= P−◦−−kp , T
++◦
kd
∼= P−−◦kd , T
+++
n
∼= P−−−n (n ∈ Z\{0, kd,−kp}).
Furthermore, there are no other projective tilting modules of atypical weights in Bk.
4.6. Composition factors of Verma modules in Bk. Using the BGG reciprocity (2.7),
we obtain the formulae for composition factors of Verma modules in Bk, for k ≥ 1, in
Propositions 4.15–4.21 below. The composition factors for Verma modules M+±±±1 turn out
to have a uniform description as for M+±±±n with n ≥ 2, as given in Proposition 4.15.
Proposition 4.15. Assume kp ≥ 2, kd ≥ 2. We have the following composition factors for
Verma modules M±±±−n (n ≥ 1, n 6= kp, kp± 1) and for M
±±±
n (n ≥ 1, n 6= kd, kd± 1) in the
block Bk:
M−−−±n =L
−−−
±n + L
−−−
±(n+1),
M−−+±n =L
−−+
±n + L
−−−
±n + L
−−+
±(n+1) + L
−−−
±(n+1),
M−+−±n =L
−+−
±n + L
−−−
±n + L
−+−
±(n+1) + L
−−−
±(n+1),
M−++±n =L
−++
±n + L
−+−
±n + L
−−+
±n + L
−−−
±n + L
−++
±(n+1) + L
−+−
±(n+1) + L
−−+
±(n+1) + L
−−−
±(n+1);
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M+−−±n =L
+−−
±n + L
+−−
±(n−1) + L
−−−
±n + L
−−−
±(n+1),
M+−+±n =L
+−+
±n + L
+−−
±n + L
+−+
±(n−1) + L
+−−
±(n−1) + L
−−+
±n + L
−−−
±n + L
−−+
±(n+1) + L
−−−
±(n+1),
M++−±n =L
++−
±n + L
+−−
±n + L
++−
±(n−1) + L
+−−
±(n−1) + L
−+−
±n + L
−−−
±n + L
−+−
±(n+1) + L
−−−
±(n+1),
M+++±n =L
+++
±n + L
++−
±n + L
+−+
±n + L
+−−
±n + L
+++
±(n−1) + L
++−
±(n−1) + L
+−+
±(n−1) + L
+−−
±(n−1)
+L−++±n + L
−+−
±n + L
−−+
±n + L
−−−
±n + L
−++
±(n+1) + L
−+−
±(n+1) + L
−−+
±(n+1) + L
−−−
±(n+1).
(In the last four formulae when n = 1, it is understood that L+∗∗
±(n−1) = L
◦∗∗
0 .)
Proposition 4.16. Assume kp ≥ 2, kd ≥ 2. We have the following composition factors of
Verma modules in Bk:
M◦−−0 =L
◦−−
0 + L
−−−
−1 + L
−−−
1 ,
M◦−+0 =L
◦−+
0 + L
◦−−
0 + L
−−+
−1 + L
−−+
1 + L
−−−
−1 + L
−−−
1 ,
M◦+−0 =L
◦+−
0 + L
◦−−
0 + L
−+−
−1 + L
−+−
1 + L
−−−
−1 + L
−−−
1 ,
M◦++0 =L
◦++
0 + L
◦+−
0 + L
◦−+
0 + L
◦−−
0 + L
−++
1 + L
−+−
1 + L
−++
−1 + L
−+−
−1
+ L−−+−1 + L
−−+
1 + L
−−−
−1 + L
−−−
1 .
Proposition 4.17. Assume kp ≥ 2, kd ≥ 2. We have the following composition factors of
Verma modules in Bk:
M−−◦kd = L
−−◦
kd + L
−−+
kd+1 + 2L
−−−
kd+1,
M−+◦kd = L
−+◦
kd + L
−−◦
kd + L
−++
kd+1 + 2L
−+−
kd+1 + L
−−+
kd+1 + 2L
−−−
kd+1,
M+−◦kd = L
+−◦
kd + L
+−+
kd−1 + 2L
+−−
kd−1 + L
−−◦
kd + L
−−+
kd+1 + 2L
−−−
kd+1,
M++◦kd = L
++◦
kd + L
+−◦
kd + L
+++
kd−1 + 2L
++−
kd−1 + L
+−+
kd−1 + 2L
+−−
kd−1
+ L−+◦kd + L
−−◦
kd + L
−++
kd+1 + 2L
−+−
kd+1 + L
−−+
kd+1 + 2L
−−−
kd+1;
M−◦−−kp = L
−◦−
−kp + L
−+−
−1−kp + 2L
−−−
−1−kp,
M−◦+−kp = L
−◦+
−kp + L
−◦−
−kp + L
−++
−1−kp + L
−+−
−1−kp + 2L
−−+
−1−kp + 2L
−−−
−1−kp,
M+◦−−kp = L
+◦−
−kp + L
++−
1−kp + 2L
+−−
1−kp + L
−◦−
−kp + L
−+−
−1−kp + 2L
−−−
−1−kp,
M+◦+−kp = L
+◦+
−kp + L
+◦−
−kp + L
+++
1−kp + L
++−
1−kp + 2L
+−+
1−kp + 2L
+−−
1−kp
+ L−◦+−kp + L
−◦−
−kp + L
−++
−1−kp + L
−+−
−1−kp + 2L
−−+
−1−kp + 2L
−−−
−1−kp.
28 S.-J. CHENG AND W. WANG
Proposition 4.18. Assume kp ≥ 2, kd ≥ 2. We have the following composition factors of
Verma modules in Bk:
M−−−kd−1 = L
−−−
kd−1 + L
−−◦
kd + L
−−−
kd+1,
M−−+kd−1 = L
−−+
kd−1 + L
−−−
kd−1 + L
−−◦
kd + L
−−+
kd+1 + L
−−−
kd+1,
M−+−kd−1 = L
−+−
kd−1 + L
−−−
kd−1 + L
−+◦
kd + L
−−◦
kd + L
−+−
kd+1 + L
−−−
kd+1,
M−++kd−1 = L
−++
kd−1 + L
−+−
kd−1 + L
−−+
kd−1 + L
−−−
kd−1 + L
−+◦
kd + L
−−◦
kd + L
−++
kd+1 + L
−+−
kd+1 + L
−−+
kd+1 + L
−−−
kd+1;
M+−−kd−1 = L
+−−
kd−1 + L
+−−
kd−2 + L
−−−
kd−1 + L
−−◦
kd + L
−−−
kd+1,
M+−+kd−1 = L
+−+
kd−1 + L
+−−
kd−1 + L
+−+
kd−2 + L
+−−
kd−2 + L
−−+
kd−1 + L
−−−
kd−1 + L
−−◦
kd + L
−−+
kd+1 + L
−−−
kd+1,
M++−kd−1 = L
++−
kd−1 + L
+−−
kd−1 + L
++−
kd−2 + L
+−−
kd−2 + L
−+−
kd−1 + L
−−−
kd−1 + L
−+◦
kd + L
−−◦
kd + L
−+−
kd+1 + L
−−−
kd+1,
M+++kd−1 = L
+++
kd−1 + L
++−
kd−1 + L
+−+
kd−1 + L
+−−
kd−1 + L
+++
kd−2 + L
++−
kd−2 + L
+−+
kd−2 + L
+−−
kd−2
+ L−++kd−1 + L
−+−
kd−1 + L
−−+
kd−1 + L
−−−
kd−1 + L
−+◦
kd + L
−−◦
kd + L
−++
kd+1 + L
−+−
kd+1 + L
−−+
kd+1 + L
−−−
kd+1.
Proposition 4.19. Assume kp ≥ 2, kd ≥ 2. We have the following composition factors of
Verma modules in Bk:
M−−−kd+1 = L
−−−
kd+1 + L
−−−
kd+2,
M−−+kd+1 = L
−−+
kd+1 + L
−−−
kd+1 + L
−−+
kd+2 + L
−−−
kd+2,
M−+−kd+1 = L
−+−
kd+1 + L
−−−
kd+1 + L
−+−
kd+2 + L
−−−
kd+2,
M−++kd+1 = L
−++
kd+1 + L
−+−
kd+1 + L
−−+
kd+1 + L
−−−
kd+1 + L
−++
kd+2 + L
−+−
kd+2 + L
−−+
kd+2 + L
−−−
kd+2;
M+−−kd+1 = L
+−−
kd+1 + L
+−◦
kd + L
+−−
kd−1 + L
−−−
kd+1 + L
−−−
kd+2,
M+−+kd+1 = L
+−+
kd+1 + L
+−−
kd+1 + L
+−◦
kd + L
+−+
kd−1 + L
+−−
kd−1 + L
−−+
kd+1 + L
−−−
kd+1 + L
−−+
kd+2 + L
−−−
kd+2,
M++−kd+1 = L
++−
kd+1 + L
+−−
kd+1 + L
++◦
kd + L
+−◦
kd + L
++−
kd−1 + L
+−−
kd−1 + L
−+−
kd+1 + L
−−−
kd+1 + L
−+−
kd+2 + L
−−−
kd+2,
M+++kd+1 = L
+++
kd+1 + L
++−
kd+1 + L
+−+
kd+1 + L
+−−
kd+1 + L
++◦
kd + L
+−◦
kd + L
+++
kd−1 + L
++−
kd−1 + L
+−+
kd−1 + L
+−−
kd−1
+ L−++kd+1 + L
−+−
kd+1 + L
−−+
kd+1 + L
−−−
kd+1 + L
−++
kd+2 + L
−+−
kd+2 + L
−−+
kd+2 + L
−−−
kd+2.
The formulae in Propositions 4.20–4.21 below are in a pattern dual to those in Proposi-
tions 4.18–4.19.
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Proposition 4.20. Assume kp ≥ 2, kd ≥ 2. We have the following composition factors of
Verma modules in Bk:
M−−−1−kp = L
−−−
1−kp + L
−◦−
−kp + L
−−−
−1−kp,
M−−+1−kp = L
−−+
1−kp + L
−−−
1−kp + L
−◦+
−kp + L
−◦−
−kp + L
−−+
−1−kp + L
−−−
−1−kp,
M−+−1−kp = L
−+−
1−kp + L
−−−
1−kp + L
−◦−
−kp + L
−+−
−1−kp + L
−−−
−1−kp,
M−++1−kp = L
−++
1−kp + L
−+−
1−kp + L
−−+
1−kp + L
−−−
1−kp + L
−◦+
−kp + L
−◦−
−kp
+ L−++−1−kp + L
−+−
−1−kp + L
−−+
−1−kp + L
−−−
−1−kp;
M+−−1−kp = L
+−−
1−kp + L
+−−
2−kp + L
−−−
1−kp + L
−◦−
−kp + L
−−−
−1−kp,
M+−+1−kp = L
+−+
1−kp + L
+−−
1−kp + L
+−+
2−kp + L
+−−
2−kp + L
−−+
1−kp + L
−−−
1−kp + L
−◦+
−kp + L
−◦−
−kp + L
−−+
−1−kp + L
−−−
−1−kp,
M++−1−kp = L
++−
1−kp + L
+−−
1−kp + L
++−
2−kp + L
+−−
2−kp + L
−+−
1−kp + L
−−−
1−kp + L
−◦−
−kp + L
−+−
−1−kp + L
−−−
−1−kp,
M+++1−kp = L
+++
1−kp + L
++−
1−kp + L
+−+
1−kp + L
+−−
1−kp + L
+++
2−kp + L
++−
2−kp + L
+−+
2−kp + L
+−−
2−kp
+ L−++1−kp + L
−+−
1−kp + L
−−+
1−kp + L
−−−
1−kp + L
−◦+
−kp + L
−◦−
−kp
+ L−++−1−kp + L
−+−
−1−kp + L
−−+
−1−kp + L
−−−
−1−kp.
Proposition 4.21. Assume kp ≥ 2, kd ≥ 2. We have the following composition factors of
Verma modules in Bk:
M−−−−1−kp = L
−−−
−1−kp + L
−−−
−2−kp,
M−−+−1−kp = L
−−+
−1−kp + L
−−−
−1−kp + L
−−+
−2−kp + L
−−−
−2−kp,
M−+−−1−kp = L
−+−
−1−kp + L
−−−
−1−kp + L
−+−
−2−kp + L
−−−
−2−kp,
M−++−1−kp = L
−++
−1−kp + L
−+−
−1−kp + L
−−+
−1−kp + L
−−−
−1−kp + L
−++
−2−kp + L
−+−
−2−kp + L
−−+
−2−kp + L
−−−
−2−kp;
M+−−−1−kp = L
+−−
−1−kp + L
+◦−
−kp + L
+−−
1−kp + L
−−−
−1−kp + L
−−−
−2−kp,
M+−+−1−kp = L
+−+
−1−kp + L
+−−
−1−kp + L
+◦+
−kp + L
+◦−
−kp + L
+−+
1−kp + L
+−−
1−kp
+ L−−+−1−kp + L
−−−
−1−kp + L
−−+
−2−kp + L
−−−
−2−kp,
M++−−1−kp = L
++−
−1−kp + L
+−−
−1−kp + L
+◦−
−kp + L
++−
1−kp + L
+−−
1−kp + L
−+−
−1−kp + L
−−−
−1−kp + L
−+−
−2−kp + L
−−−
−2−kp,
M+++−1−kp = L
+++
−1−kp + L
++−
−1−kp + L
+−+
−1−kp + L
+−−
−1−kp + L
+◦+
−kp + L
+◦−
−kp
+ L+++1−kp + L
++−
1−kp + L
+−+
1−kp + L
+−−
1−kp
+ L−++−1−kp + L
−+−
−1−kp + L
−−+
−1−kp + L
−−−
−1−kp + L
−++
−2−kp + L
−+−
−2−kp + L
−−+
−2−kp + L
−−−
−2−kp.
5. Character formulae in the block B1, for ζ ∈ Z≥2
The character formulae in Section 4 exclude the blocks B1 for ζ ∈ Z
>0. In this section we
work out the character formulae for tilting modules and projective modules as well as the
composition factors of Verma modules in the block B1 with ζ ∈ Z≥2. The block B1 with
ζ = 1 will be treated in Section 6.
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5.1. Verma flags for tilting modules in B1. Throughout Sections 5.1–5.4, we assume
ζ = p/d ∈ Z≥2, that is, p ≥ 2, d = 1.
We shall describe the Verma flags for all tilting modules in the block B1. The translation
functors below from a typical block to the atypical block Bk are obtained from tensoring with
the adjoint module unless otherwise specified. Our strategy here is the same as described at
the beginning of Section 3.3.
Theorem 4.4 for regular tilting modules remains valid for ζ ∈ Z≥2 here.
The remaining irregular tilting modules are: T ◦±±0 , T
−±±
1−kp , T
+±±
−1 , T
±◦±
−kp , T
±±◦
1 , T
+±±
−1−kp and
T+±±2 . The earlier formulae for irregular tilting modules T
−±±
1−kp , T
+±±
−1 , T
±◦±
−kp and T
+±±
−1−kp
remain valid. More precisely, the formula (4.5) for T−±±1−kp in Theorem 4.5, the formula (4.7)
for T+±±−1 in Theorem 4.6, the formula (4.9) for T
±◦±
−kp in Theorem 4.7, and the formula (4.11)
for T+±±−1−kp in Theorem 4.8 remain valid in the current setting. We summarize these as follows
for future reference.
Theorem 5.1. Assume that ζ ∈ Z≥2. The formulae in Theorem 4.4 for regular tilting
modules and the formulae for irregular tilting modules T−±±1−kp , T
+±±
−1 , T
±◦±
−kp and T
+±±
−1−kp in
Section 4.3 remain valid.
The new irregular cases T ◦±±0 , T
+±±
2 and T
±±◦
1 , respectively, are treated in Theorems 5.2,
5.3 and 5.4 below.
Theorem 5.2. Assume that ζ ∈ Z≥2. We have the following Verma flags for tilting modules
in the block B1:
T ◦−−0 = M
◦−−
0 +M
−−−
−1 +M
−−◦
1 +M
−−−
2 ,
T ◦−+0 = M
◦−+
0 +M
◦−−
0 +M
−−+
−1 +M
−−−
−1 + 2M
−−◦
1 +M
−−+
2 +M
−−−
2 ,
T ◦+−0 = M
◦+−
0 +M
◦−−
0 +M
−+◦
1 +M
−+−
−1 +M
−−−
−1 +M
−−◦
1 +M
−+−
2 +M
−−−
2 ,(5.1)
T ◦++0 = M
◦++
0 +M
◦+−
0 +M
◦−+
0 +M
◦−−
0 + 2M
−+◦
1 +M
−++
−1 +M
−+−
−1
+M−−+−1 +M
−−−
−1 + 2M
−−◦
1 +M
−++
2 +M
−+−
2 +M
−−+
2 +M
−−−
2 .
Theorem 5.3. Assume that ζ ∈ Z≥2. We have the following Verma flags for tilting modules
in the block B1:
T+−−2 = M
+−−
2 +M
+−◦
1 +M
◦−−
0 +M
−−◦
1 +M
−−−
2 ,
T+−+2 = M
+−+
2 +M
+−−
2 + 2M
+−◦
1 +M
◦−+
0 +M
◦−−
0 + 2M
−−◦
1 +M
−−+
2 +M
−−−
2 ,
T++−2 = M
++−
2 +M
+−−
2 +M
++◦
1 +M
+−◦
1 +M
◦+−
0 +M
◦−−
0(5.2)
+M−+◦1 +M
−−◦
1 +M
−+−
2 +M
−−−
2 ,
T+++2 = M
+++
2 +M
++−
2 +M
+−+
2 +M
+−−
2 + 2M
++◦
1 + 2M
+−◦
1 +M
◦++
0 +M
◦+−
0
+M◦−+0 +M
◦−−
0 + 2M
−+◦
1 + 2M
−−◦
1 +M
−++
2 +M
−+−
2 +M
−−+
2 +M
−−−
2 .
Proof of Theorems 5.2 and 5.3. To obtain all the tilting modules Tf in these cases, we apply
translation functors to the initial tilting modules Tf−(2,0,0). The rest is standard and we skip
the detail. 
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Theorem 5.4. Assume that ζ ∈ Z≥2. We have the following Verma flags for the tilting
modules in the block B1:
T−−◦1 = M
−−◦
1 +M
−−+
2 +M
−−−
2 ,
T−+◦1 = M
−+◦
1 +M
−−◦
1 +M
−++
2 +M
−+−
2 +M
−−+
2 +M
−−−
2 ,(5.3)
T+−◦1 = M
+−◦
1 +M
◦−+
0 +M
◦−−
0 +M
−−◦
1 ,
T++◦1 = M
++◦
1 +M
+−◦
1 +M
◦++
0 +M
◦+−
0 +M
◦−+
0 +M
◦−−
0 +M
−+◦
1 +M
−−◦
1 .
Proof. The formulae for T−−◦1 and T
−+◦
1 are the same as (4.10) in Theorem 4.7 with kd = 1.
According to [Ger00, Lemma 3.3.2(iii)] we have the following character formula for the
finite-dimensional irreducible g-module L of highest weight δ + (p− 1)ǫ1:
ch L =
p−1∑
i=0
(eδ+(p−1−2i)ǫ1 + e−δ+(p−1−2i)ǫ1) +
p∑
j=0
(e(p−2j)ǫ1+ǫ2 + e(p−2j)ǫ1−ǫ2)
We apply the translation functor E by tensoring T0,−2,0 with L and then projecting to the
block B1. This gives us
ET0,−2,0 = M
+−◦
1 +M
◦−+
0 +M
◦−−
0 +M
−−◦
1 .(5.4)
It follows from Lemmas 2.3 and 2.4 that all terms in (5.4) must appear in a flag of T+−◦1 ,
and hence ET0,−2,0 = T1
+−◦.
Similarly, in order to construct T1
++◦ we apply E to T0,2,0 = M0,2,0 +M0,−2,0. We have
ET0,2,0 = M
++◦
1 +M
+−◦
1 +M
◦++
0 +M
◦+−
0 +M
◦−+
0 +M
◦−−
0 +M
−+◦
1 +M
−−◦
1 .
Now, in addition to using Lemmas 2.3 and 2.4, we make use of Lemma 2.1 to establish that
ET0,2,0 = T
++◦
1 . 
Remark 5.1. The Verma flags for tilting modules in B1 for ζ = 1/d with d ∈ Z≥2 can be read
off completely from Section 5.1 by using the Dynkin diagram symmetry. We skip the detail
except noting the irregular tilting modules in the current setting are T ◦±±0 , T
−±±
kd−1 , T
+±±
1 ,
T±◦±−1 , T
+±◦
kd , T
+±±
−2 and T
+±±
kd+1 .
5.2. Verma flags for projectives in B1. The formulae of Verma flags for tilting modules in
Theorems 5.1–5.4 are readily translated into formulae for Verma flags of projective modules
using the identity (2.8). We formulate these results in Propositions 5.5–5.8 below.
Proposition 4.9 for regular projective modules remains valid here. The irregular projective
modules are: P ◦±±0 , P
+±±
1−kp , P
−±±
−1 , P
±◦±
−kp , P
±±◦
1 , P
−±±
−1−kp and P
−±±
2 .
The earlier formulae for irregular projective modules P+±±1−kp , P
−±±
−1 , P
±◦±
−kp and P
−±±
−1−kp
remain valid. More precisely, the formula (4.16) for P+±±1−kp , the formula (4.18) for P
−±±
−1 ,
the formula (4.19) for P±◦±−kp , and the formula (4.21) for P
−±±
−1−kp remain valid in the current
setting. We summarize these as follows.
Proposition 5.5. Assume that ζ ∈ Z≥2. The formulae in Proposition 4.9 for regular pro-
jective modules and the formulae for irregular projective modules P+±±1−kp , P
−±±
−1 , P
±◦±
−kp and
P−±±−1−kp in Section 4.4 remain valid.
The remaining new irregular cases P ◦±±0 , P
−±±
2 and P
±±◦
1 , respectively, are treated below.
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Proposition 5.6. Assume that ζ ∈ Z≥2. We have the following Verma flags for the projec-
tive modules in the block B1:
P ◦++0 = M
◦++
0 +M
+++
−1 +M
++◦
1 +M
+++
2 ,
P ◦+−0 = M
◦+−
0 +M
◦++
0 +M
++−
−1 +M
+++
−1 + 2M
++◦
1 +M
++−
2 +M
+++
2 ,
P ◦−+0 = M
◦−+
0 +M
◦++
0 +M
+−◦
1 +M
+−+
−1 +M
+++
−1 +M
++◦
1 +M
+−+
2 +M
+++
2 ,
P ◦−−0 = M
◦−−
0 +M
◦−+
0 +M
◦+−
0 +M
◦++
0 + 2M
+−◦
1 +M
+−−
−1 +M
+−+
−1
+M++−−1 +M
+++
−1 + 2M
++◦
1 +M
+−−
2 +M
+−+
2 +M
++−
2 +M
+++
2 .
Proposition 5.7. Assume that ζ ∈ Z≥2.We have the following Verma flags for the projective
modules in the block B1:
P−++2 = M
−++
2 +M
−+◦
1 +M
◦++
0 +M
++◦
1 +M
+++
2 ,
P−+−2 = M
−+−
2 +M
−++
2 + 2M
−+◦
1 +M
◦+−
0 +M
◦++
0 + 2M
++◦
1 +M
++−
2 +M
+++
2 ,
P−−+2 = M
−−+
2 +M
−++
2 +M
−−◦
1 +M
−+◦
1 +M
◦−+
0 +M
◦++
0(5.5)
+M+−◦1 +M
++◦
1 +M
+−+
2 +M
+++
2 ,
P−−−2 = M
−−−
2 +M
−−+
2 +M
−+−
2 +M
−++
2 + 2M
−−◦
1 + 2M
−+◦
1 +M
◦−−
0 +M
◦−+
0
+M◦+−0 +M
◦++
0 + 2M
+−◦
1 + 2M
++◦
1 +M
+−−
2 +M
+−+
2 +M
++−
2 +M
+++
2 .
Proposition 5.8. Assume that ζ ∈ Z≥2. We have the following Verma flags for the projec-
tive modules in the block B1:
P++◦1 = M
++◦
1 +M
++−
2 +M
+++
2 ,
P+−◦1 = M
+−◦
1 +M
++◦
1 +M
+−−
2 +M
+−+
2 +M
++−
2 +M
+++
2 ,(5.6)
P−+◦1 = M
−+◦
1 +M
◦+−
0 +M
◦++
0 +M
++◦
1 ,
P−−◦1 = M
−−◦
1 +M
−+◦
1 +M
◦−−
0 +M
◦−+
0 +M
◦+−
0 +M
◦++
0 +M
+−◦
1 +M
++◦
1 .
5.3. Projective tilting modules in B1. As in Section 4.5, first by examining possible
matches between the Verma flags of tilting and projective modules and then using a similar
argument as in Theorem 3.10 we prove the following.
Theorem 5.9. Assume p ≥ 2, d = 1. We have the following isomorphisms between projective
and tilting modules in B1:
T+◦+−p
∼= P−◦−−p , T
++◦
1
∼= P−−◦1 , T
+++
n
∼= P−−−n (n ∈ Z\{0, 1,−p}).
Furthermore, there are no other projective tilting modules of atypical weights in B1.
5.4. Composition factors of Verma modules in B1. Proposition 4.15 on composition
factors for Verma modules of regular highest weights remain valid here (note now that the
formulae for M±±±n are valid for n ≥ 3).
We have the following irregular cases: M◦±±0 ,M
±±◦
1 ,M
±±±
2 ,M
±◦±
−kp ,M
±±±
1−kp ,M
±±±
−1−kp. It
turns out that the composition factor formulae for M±±◦1 and M
±◦±
−kp are the same as those
in Proposition 4.17 by setting kd = 1, and the composition factor formulae for M±±±2 is
the same as those in Proposition 4.19 by setting kd = 1 (where L+∗∗kd−1 is understood as
L◦∗∗0 ). The composition factor formulae for M
±±±
1−kp ,M
±±±
−1−kp are the same as those given in
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Propositions 4.20, and 4.21, respectively. Finally, the composition factors for the remaining
irregular Verma modules M◦±±0 are given in Proposition 5.10 below.
Proposition 5.10. Assume ζ ∈ Z≥2. We have the following composition factors of Verma
modules in B1:
M◦−−0 =L
◦−−
0 + L
−−◦
1 + L
−−−
−1 + L
−−−
2 ,
M◦−+0 =L
◦−+
0 + L
◦−−
0 + L
−−◦
1 + L
−−+
−1 + L
−−−
−1 + L
−−+
2 + L
−−−
2 ,
M◦+−0 =L
◦+−
0 + L
◦−−
0 + L
−+◦
1 + L
−−◦
1 + L
−+−
−1 + L
−−−
−1 + L
−+−
2 + L
−−−
2 ,
M◦++0 =L
◦++
0 + L
◦+−
0 + L
◦−+
0 + L
◦−−
0 + L
−+◦
1 + L
−−◦
1
+ L−++−1 + L
−+−
−1 + L
−−+
−1 + L
−−−
−1 + L
−++
2 + L
−+−
2 + L
−−+
2 + L
−−−
2 .
6. Character formulae in the block B1, for ζ = 1
We present the character formulae in the block B1 for the remaining case ζ = 1, i.e., when
p = d = 1 in this section. Recall the isomorphism D(2|1; 1) ∼= osp(4|2).
6.1. Verma flags for tilting modules in B1 for ζ = 1. Theorem 4.4 for regular tilting
modules remains valid in B1 for ζ = 1 here. The irregular tilting modules in B1 with ζ = 1
are T ◦±±0 , T
±◦±
−1 , T
±±◦
1 , T
+±±
−2 and T
+±±
2 .
Theorem 6.1. Assume that ζ = 1. The formulae for T+±±2 are the same as in (5.2). The
formulae for T+±±−2 are given as follows:
T+−−−2 = M
+−−
−2 +M
+◦−
−1 +M
◦−−
0 +M
−◦−
−1 +M
−−−
−2 ,
T+−+−2 = M
+−+
−2 +M
+−−
−2 +M
+◦+
−1 +M
+◦−
−1 +M
◦−+
0 +M
◦−−
0
+M−◦+−1 +M
−◦−
−1 +M
−−+
−2 +M
−−−
−2 ,
T++−−2 = M
++−
−2 +M
+−−
−2 + 2M
+◦−
−1 +M
◦+−
0 +M
◦−−
0 + 2M
−◦−
−1 +M
−+−
−2 +M
−−−
−2 ,
T+++−2 = M
+++
−2 +M
++−
−2 +M
+−+
−2 +M
+−−
−2 + 2M
+◦+
−1 + 2M
+◦−
−1 +M
◦++
0 +M
◦+−
0
+M◦−+0 +M
◦−−
0 + 2M
−◦+
−1 + 2M
−◦−
−1 +M
−++
−2 +M
−+−
−2 +M
−−+
−2 +M
−−−
−2 .
Proof. Formulae for T+±±−2 are in the same pattern as for T
+±±
2 , and they are obtained from
(5.2) by symmetry. 
The proof of the following formulae is standard and will be skipped.
Theorem 6.2. Assume that ζ = 1. We have the following Verma flags for tilting modules
in the block B1:
T ◦−−0 = M
◦−−
0 +M
−◦−
−1 +M
−−◦
1 +M
−−−
−2 +M
−−−
2 ,
T ◦−+0 = M
◦−+
0 +M
◦−−
0 +M
−◦+
−1 +M
−◦−
−1 + 2M
−−◦
1 +M
−−+
−2 +M
−−−
−2 +M
−−+
2 +M
−−−
2 ,
T ◦+−0 = M
◦+−
0 +M
◦−−
0 +M
−+◦
1 + 2M
−◦−
−1 +M
−−◦
1 +M
−+−
2 +M
−+−
−2 +M
−−−
−2 +M
−−−
2 ,
T ◦++0 = M
◦++
0 +M
◦+−
0 +M
◦−+
0 +M
◦−−
0 + 2M
−+◦
1 + 2M
−◦+
−1 + 2M
−◦−
−1 + 2M
−−◦
1
+M−++2 +M
−+−
2 +M
−++
−2 +M
−+−
−2 +M
−−+
−2 +M
−−−
−2 +M
−−+
2 +M
−−−
2 .
The formulae for T±±◦1 in Theorem 5.4 remains valid for ζ = 1. By symmetry we have the
following formulae for T±◦±−1 .
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Theorem 6.3. Assume that ζ = 1. The formulae for T±±◦1 are the same as in (5.3). The
Verma flags for the tilting modules T±◦±−1 are given as follows:
T−◦−−1 = M
−◦−
−1 +M
−+−
−2 +M
−−−
−2 ,
T−◦+−1 = M
−◦+
−1 +M
−◦−
−1 +M
−++
−2 +M
−+−
−2 +M
−−+
−2 +M
−−−
−2 ,
T+◦−−1 = M
+◦−
−1 +M
◦+−
0 +M
◦−−
0 +M
−◦−
−1 ,
T+◦+−1 = M
+◦+
−1 +M
+◦−
−1 +M
◦++
0 +M
◦+−
0 +M
◦−+
0 +M
◦−−
0 +M
−◦+
−1 +M
−◦−
−1 .
6.2. Verma flags for projectives in B1 for ζ = 1. The formulae of Verma flags for tilting
modules in Theorems 6.1, 6.2, and 6.3 are readily translated into formulae of Verma flags
for projective modules using the identity (2.8). We formulate the results in Propositions 6.4,
6.5 and 6.6 below.
Theorem 4.9 for regular projective modules remains valid for ζ = 1 here. The irregular
tilting modules in B1 with ζ = 1 are P
◦±±
0 , P
±◦±
−1 , P
±±◦
1 , P
−±±
−2 and P
−±±
2 .
Proposition 6.4. Assume that ζ = 1. Formulae for P−±±2 in B1 are the same as in (5.5).
Formulae for P−±±−2 are given as follows:
P−++−2 = M
−++
−2 +M
−◦+
−1 +M
◦++
0 +M
+◦+
−1 +M
+++
−2 ,
P−+−−2 = M
−+−
−2 +M
−++
−2 +M
−◦−
−1 +M
−◦+
−1 +M
◦+−
0 +M
◦++
0
+M+◦−−1 +M
+◦+
−1 +M
++−
−2 +M
+++
−2 ,
P−−+−2 = M
−−+
−2 +M
−++
−2 + 2M
−◦+
−1 +M
◦−+
0 +M
◦++
0 + 2M
+◦+
−1 +M
+−+
−2 +M
+++
−2 ,
P−−−−2 = M
−−−
−2 +M
−−+
−2 +M
−+−
−2 +M
−++
−2 + 2M
−◦−
−1 + 2M
−◦+
−1 +M
◦−−
0 +M
◦−+
0
+M◦+−0 +M
◦++
0 + 2M
+◦−
−1 + 2M
+◦+
−1 +M
+−−
−2 +M
+−+
−2 +M
++−
−2 +M
+++
−2 .
Proposition 6.5. Assume that ζ = 1. We have the following Verma flags for the projective
modules in the block B1:
P ◦++0 = M
◦++
0 +M
+◦+
−1 +M
++◦
1 +M
+++
−2 +M
+++
2 ,
P ◦+−0 = M
◦+−
0 +M
◦++
0 +M
+◦−
−1 +M
+◦+
−1 + 2M
++◦
1 +M
++−
−2 +M
+++
−2 +M
++−
2 +M
+++
2 ,
P ◦−+0 = M
◦−+
0 +M
◦++
0 +M
+−◦
1 + 2M
+◦+
−1 +M
++◦
1 +M
+−+
2 +M
+−+
−2 +M
+++
−2 +M
+++
2 ,
P ◦−−0 = M
◦−−
0 +M
◦−+
0 +M
◦+−
0 +M
◦++
0 + 2M
+−◦
1 + 2M
+◦−
−1 + 2M
+◦+
−1 + 2M
++◦
1
+M+−−2 +M
+−+
2 +M
+−−
−2 +M
+−+
−2 +M
++−
−2 +M
+++
−2 +M
++−
2 +M
+++
2 .
Proposition 6.6. Assume that ζ = 1. The formulae for P±±◦1 are the same as (5.6). The
Verma flags for the tilting modules P±◦±−1 are given as follows:
P+◦+−1 = M
+◦+
−1 +M
+−+
−2 +M
+++
−2 ,
P+◦−−1 = M
+◦−
−1 +M
+◦+
−1 +M
+−−
−2 +M
+−+
−2 +M
++−
−2 +M
+++
−2 ,
P−◦+−1 = M
−◦+
−1 +M
◦−+
0 +M
◦++
0 +M
+◦+
−1 ,
P−◦−−1 = M
−◦−
−1 +M
−◦+
−1 +M
◦−−
0 +M
◦−+
0 +M
◦+−
0 +M
◦++
0 +M
+◦−
−1 +M
+◦+
−1 .
6.3. Projective tilting modules in B1 for ζ = 1. As in Section 4.5, first by examining
possible matches between the Verma flags of tilting and projective modules and then using
a similar argument as in Theorem 3.10 we obtain the following.
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Theorem 6.7. Assume ζ = 1. We have the following isomorphisms between projective and
tilting modules in B1:
T+◦+−1
∼= P−◦−−1 , T
++◦
1
∼= P−−◦1 , T
+++
n
∼= P−−−n (n ∈ Z\{0,±1}).
Furthermore, there are no other projective tilting modules of atypical weights in B1.
6.4. Composition factors of Verma modules in B1 for ζ = 1. Proposition 4.15 on
composition factors for Verma modules of regular highest weights (i.e., M±±±±n , for n ≥ 3)
remain valid here.
We have the following irregular cases: M◦±±0 ,M
±±◦
1 ,M
±◦±
−1 ,M
±±±
2 ,M
±±±
−2 .
It turns out the composition factor formulae in M±±◦1 and M
±◦±
−1 are the same as those
in Proposition 4.17, and the composition factor formulae in M±±±2 and M
±±±
−2 are the same
as those in Propositions 4.19 and 4.21, by setting kd = 1 and kp = 1, respectively (where
L+∗∗kd−1 is understood as L
◦∗∗
0 and L
+∗∗
1−kp is understood as L
◦∗∗
0 , respectively).
The composition factors in the remaining irregular Verma modules M◦±±0 are given in
Proposition 6.8 below.
Proposition 6.8. Assume ζ = 1. We have the following composition factors of Verma
modules in B1:
M◦−−0 =L
◦−−
0 + L
−−◦
1 + L
−−−
2 + L
−◦−
−1 + L
−−−
−2 ,
M◦−+0 =L
◦−+
0 + L
◦−−
0 + L
−−◦
1 + L
−◦+
−1 + L
−◦−
−1 + L
−−+
2 + L
−−−
2 + L
−−+
−2 + L
−−−
−2 ,
M◦+−0 =L
◦+−
0 + L
◦−−
0 + L
−+◦
1 + L
−−◦
1 + L
−◦−
−1 + L
−+−
2 + L
−−−
2 + L
−+−
−2 + L
−−−
−2 ,
M◦++0 =L
◦++
0 + L
◦+−
0 + L
◦−+
0 + L
◦−−
0 + L
−+◦
1 + L
−−◦
1 + L
−◦+
−1 + L
−◦−
−1
+ L−++2 + L
−+−
2 + L
−−+
2 + L
−−−
2 + L
−++
−2 + L
−+−
−2 + L
−−+
−2 + L
−−−
−2 .
This completes our study of the character formulae in the BGG category O of D(2|1; ζ)-
modules of integral weights, for any parameter ζ .
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